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Wkh froohfwlyh prgho ri krxvhkrog frqvxpswlrq=
d qrqsdudphwulf fkdudfwhul}dwlrq
Odxuhqv Fkhufk|h  / Eudp Gh Urfn  dqg Iuhghulf Yhuphxohq 
Vhswhpehu :/ 5337
Devwudfw
Zh surylgh d qrqsdudphwulf fkdudfwhul}dwlrq ri d jhqhudo froohfwlyh prgho iru
pxowl0shuvrq krxvhkrog frqvxpswlrq/ zklfk lqfoxghv h{whuqdolwlhv dqg sxeolf jrrgv1
Zh ghulyh wkh plqlpxp qxpehu ri frpprglwlhv dqg revhuydwlrqv wkdw hqdeoh wkh
idovlfdwlrq ri wklv jhqhudo prgho iurp djjuhjdwh krxvhkrog txdqwlw| dqg sulfh
gdwd> wkhvh uhtxluhphqwv duh jhqhudoo| ohvv vwulqjhqw wkdq wkh frqglwlrqv ghulyhg
e| Eurzqlqj dqg Fkldssrul +4<<;, zlwklq d sdudphwulf vhwwlqj1 Qh{w/ zh lqvwlwxwh
qhfhvvdu| dqg vx!flhqw frqglwlrqv iru gdwd frqvlvwhqf| zlwk froohfwlyh udwlrqdolw|
wkdw rqo| lqfoxgh revhuyhg sulfh dqg txdqwlw| lqirupdwlrq1 Wkhvh frqglwlrqv duh
irupdoo| vlplodu wr wkh JDUS frqglwlrq iru wkh xqlwdu| prgho +vhh Yduldq/ 4<;5,>
zklfk lv sduwlfxoduo| frqyhqlhqw iurp d sudfwlfdo srlqw ri ylhz1 Wr looxvwudwh wkh jhq0
hudolw| ri wkh froohfwlyh prgho/ zh dovr glvfxvv d qxpehu ri lqwhuhvwlqj vshfldo fdvhv/
lqfoxglqj wkh wudglwlrqdo xqlwdu| prgho dqg wkh froohfwlyh oderxu vxsso| prgho ã od
Fkldssrul +4<;;,1
Nh| zrugv= froohfwlyh krxvhkrog prghov/ lqwudkrxvhkrog doorfdwlrq/ uhyhdohg suhi0
huhqfhv/ qrqsdudphwulf dqdo|vlv1
MHO0fodvvlfdwlrq= G44/ G45/ F471
 Zh wkdqn Pduwlq Eurzqlqj iru lqvslulqj frqyhuvdwlrqv/ zklfk irup dq lpsruwdqw prwlydwlrq iru
wklv vwxg|1 Zh duh dovr judwhixo wr vhplqdu sduwlflsdqwv lq Wloexuj iru xvhixo frpphqwv dqg vxjjhvwlrqv1 Xqlyhuvlw| ri Ohxyhq/ Fdpsxv Nruwulmn dqg Fhqwhu iru Hfrqrplf Vwxglhv> Ixqg iru Vflhqwlf
Uhvhdufk 0 Iodqghuv +IZR0Yoddqghuhq,1 H1 Vdeehoddq 86/ E0;833 Nruwulmn/ Ehojlxp1 H0pdlo= odx0
uhqv1fkhufk|hCnxodn1df1eh1 Xqlyhuvlw| ri Ohxyhq/ Fdpsxv Nruwulmn dqg Ghsduwphqw ri Pdwkhpdwlfv1 H1 Vdeehoddq 86/ E0;833
Nruwulmn/ Ehojlxp1 H0pdlo= eudp1ghurfnCnxodn1df1eh1 Wloexuj Xqlyhuvlw|/ FhqwHU1 S1R1 Er{ <3486/ QO08333 OH Wloexuj/ Wkh Qhwkhuodqgv1 H0pdlo=
iuhghulf1yhuphxohqCxyw1qo1 Iuhghulf Yhuphxohq dfnqrzohgjhv wkh qdqfldo vxssruw surylghg wkurxjk wkh
Hxurshdq Frppxqlw|*v Kxpdq Srwhqwldo Surjudpph xqghu frqwudfw KSUQ0FW05335033568 +DJH,1
41 Lqwurgxfwlrq
Wudglwlrqdoo|/ krxvhkrog frqvxpswlrq ehkdylrxu lv fudpphg lqwr wkh vr0fdoohg xqlwdu|
dssurdfk1 Wklv dssurdfk dvvxphv wkdw hdfk krxvhkrog dfwv dv li lw zhuh d vlqjoh ghflvlrq
pdnhu> lw pd{lpl}hv d zhoo0ehkdyhg +vlqjoh, xwlolw| ixqfwlrq vxemhfw wr d krxvhkrog
exgjhw frqvwudlqw1 Krzhyhu/ wklv zlgho| xvhg xqlwdu| prgho kdv erwk phwkrgrorjlfdo
dqg hpslulfdo ghflhqflhv1 Dw wkh phwkrgrorjlfdo ohyho/ wkh dssurdfk fdqqrw eh w
lq Nduo Srsshu*v sklorvrsk| ri vflhqfh frqfhsw ri phwkrgrorjlfdo lqglylgxdolvp/ zklfk
vwdwhv wkdw vrfldo wkhrulhv vkrxog uxq lq whupv ri lqglylgxdov udwkhu wkdq lq whupv ri
jurxsv ri lqglylgxdov +olnh pxowl0shuvrq krxvhkrogv,> vhh/ h1j1/ Eodxj +4<;3,1 Dw wkh
hpslulfdo ohyho/ zklfk lv suredeo| hyhq pruh lpsruwdqw/ wkh xqlwdu| prgho grhv qrw vhhp
wr w dfwxdoo| revhuyhg krxvhkrog ehkdylrxu= wkhruhwlfdo lpsolfdwlrqv vxfk dv Voxwvn|
v|pphwu| dqg qhjdwlylw| kdyh ehhq uhshdwhgo| uhmhfwhg zkhq whvwhg rq plfurgdwd1
Wkh froohfwlyh prgho/ zklfk zdv uvw suhvhqwhg e| Fkldssrul +4<;;/ 4<<5,/ surylghv d
ydoxdeoh dowhuqdwlyh wr wkh xqlwdu| prgho1 Wklv froohfwlyh dssurdfk h{solflwo| uhfrjql}hv
wkdw wkh lqglylgxdo krxvhkrog phpehuv kdyh rzq/ srvvleo| glyhujlqj udwlrqdo suhihu0
hqfhv1 Wkhvh lqglylgxdov duh dvvxphg wr hqjdjh lqwr d edujdlqlqj surfhvv wkdw uhvxowv
lq d Sduhwr h!flhqw lqwudkrxvhkrog frqvxpswlrq doorfdwlrq1 Vhh Yhuphxohq +5335, iru
dq lqwurgxfwru| ryhuylhz ri wkh olwhudwxuh wkdw wv zlwklq wklv froohfwlyh rulhqwdwlrq1
Eurzqlqj dqg Fkldssrul +4<<;, kdyh surylghg d jhqhudo sdudphwulf fkdudfwhul}dwlrq
ri wkh froohfwlyh prgho ri krxvhkrog frqvxpswlrq1 Wkh| vwduw iurp wkh cplqlpdolvwlf*
dvvxpswlrqv wkdw wkh hpslulfdo dqdo|vw fdqqrw ghwhuplqh zklfk frpprglwlhv duh sul0
ydwho| dqg2ru sxeolfo| frqvxphg zlwklq wkh krxvhkrog/ dqg wkdw wkh txdqwlwlhv wkdw
duh sulydwho| frqvxphg e| wkh glhuhqw krxvhkrog phpehuv fdqqrw eh revhuyhg1 Lq
dgglwlrq/ wkh| frqvlghu jhqhudo lqglylgxdo suhihuhqfhv wkdw doorz iru dowuxlvp dqg rwkhu
h{whuqdolwlhv1 Wkhlu fruh uhvxow iru wzr0shuvrq krxvhkrogv lv wkdw xqghu froohfwlyho| ud0
wlrqdo krxvhkrog ehkdylrxu wkh svhxgr0Voxwvn| pdwul{ +l1h1/ d frqfhsw forvho| uhodwhg wr
wkh Voxwvn| pdwul{ lq wkh xqlwdu| prgho, fdq eh zulwwhq dv wkh vxp ri d v|pphwulf
qhjdwlyh vhpl0ghqlwh pdwul{ dqg d udqn rqh pdwul{1 Wkh| dovr jhqhudol}h wklv uhvxow
iru krxvhkrogv frqvlvwlqj ri wkuhh dqg pruh lqglylgxdov1
Wkh lpsruwdqfh ri wkhvh wkhruhwlfdo uhvxowv olhv lq wkh idfw wkdw wkh| doorz iru sdud0
phwulf hpslulfdo whvwlqj ri wkh jhqhudo froohfwlyh prgho1 Eurzqlqj dqg Fkldssrul +4<<;,
surylgh vxfk dq dssolfdwlrq wr Fdqdgldq gdwd> dqg wkhlu uhvxowv duh sduwlfxoduo| idyrxu0
lqj wkh froohfwlyh dssurdfk1 Iluvw/ wkh| rewdlq wkdw wkh xqlwdu| prgho lv uhmhfwhg zkhq
dssolhg wr frxsohv/ zkloh lw lv qrw uhmhfwhg iru vlqjohv1 Wklv pd| lqglfdwh d sureohp zlwk
wkh suhihuhqfh djjuhjdwlrq dvvxpswlrqv wkdw xqghuolh wkh xqlwdu| prgho/ qdpho| wkdw
pxowl0shuvrq krxvhkrogv ehkdyh dv vlqjoh ghflvlrq pdnhuv1 Qh{w/ wkh| qg wkdw wkh gdwd
iru frxsohv duh frqvlvwhqw zlwk wkh wkhruhwlfdo lpsolfdwlrqv ri wkh froohfwlyh prgho1 Wklv
vxjjhvwv wkh froohfwlyh prgho dv d sodxvleoh dowhuqdwlyh wr wkh xqlwdu| prgho lq wkh fdvh
ri pxowl0shuvrq krxvhkrogv1
5
Rqh lqkhuhqw ghflhqf| ri vxfk d sdudphwulf dqdo|vlv/ krzhyhu/ lv wkdw lw fuxfldoo|
ghshqgv rq d ixqfwlrqdo vwuxfwxuh wkdw lv lpsrvhg rq wkh suhihuhqfhv dqg2ru wkh lqwud0
krxvhkrog edujdlqlqj surfhvv> dqg wkdw vwuxfwxuh lv w|slfdoo| qrq0yhuldeoh1 Dv d uhvxow/
wkh sdudphwulf whvwv gr qrw phuho| fkhfn wkh wkhruhwlfdo uhvwulfwlrqv ri wkh prgho xqghu
vwxg|/ exw dovr wkh dg0krf ixqfwlrqdo vshflfdwlrq1 Uhmhfwlrqv ri wkh xqlwdu| uhvwulfwlrqv
pd| zhoo eh gxh wr loo0vshflfdwlrq1
Vrph uhvhdufkhuv wdnh wkh wkhru| ri fkrlfh ehkdylrxu dv judqwhg dqg qrq0idovldeoh/
dqg frqvhtxhqwo| xvh hpslulfdo whvwv ri ghpdqg wkhru| dv d ghylfh wr fkhfn zkhwkhu d
jlyhq ixqfwlrqdo irup lv dssursuldwh +vhh dovr Nhx}hqndps dqg Eduwhq/ 4<<8,1 Lq wklv
sdshu/ zh h{solflwo| wdnh wkh rssrvlwh vwdqfh/ qdpho| wkdw wkhrulhv ri fkrlfh ehkdylrxu
duh whvwdeoh2idovldeoh1 Wkhuhiruh/ zh dgrsw d qrqsdudphwulf dssurdfk/ zklfk dqdo|}hv
krxvhkrog ehkdylrxu zlwkrxw lpsrvlqj dq| sdudphwulf vwuxfwxuh rq/ h1j1/ suhihuhqfhv>
vhh/ dprqj rwkhuv/ Diuldw +4<9:, dqg Yduldq +4<;5,1 Pruh vshflfdoo|/ lw gluhfwo| whvwv
wkh dghtxdf| ri wkh wkhru| +h{suhvvhg lq whupv ri uhyhdohg suhihuhqfhv d{lrpv, rq wkh
udz sulfh dqg txdqwlw| gdwd1 Wklv qrqsdudphwulf dssurdfk zdv uvw dgdswhg wr wkh fro0
ohfwlyh prgho e| Fkldssrul +4<;;,/ zkr uhvwulfwhg dwwhqwlrq wr oderxu vxsso| ghflvlrqv>
vxfk d vhwwlqj lqyroyhv d qxpehu ri frqyhqlhqw vlpsolfdwlrqv iru wkh hpslulfdo dqdo|vw
+h1j1/ revhuydelolw| ri lqglylgxdov* ohlvxuh2oderxu vxsso| dqg qr sxeolf frqvxpswlrq,1
Zh vshflfdoo| dlp dw jhqhudol}lqj Fkldssrul*v zrun e| surylglqj d qrqsdudphw0
ulf fkdudfwhul}dwlrq ri wkh froohfwlyh frqvxpswlrq prgho ã od Eurzqlqj dqg Fkldssrul
+4<<;,/ zklfk lqfoxghv erwk sxeolf frqvxpswlrq dqg +lq fdvx srvlwlyh, h{whuqdolwlhv1
D uvw txhvwlrq lv zkhwkhu froohfwlyh udwlrqdolw| lv idovldeoh iurp hpslulfdo gdwd xq0
ghu vxfk jhqhudo frqglwlrqv1 Zh vkrz lq wkh iroorzlqj vhfwlrqv wkdw wklv lv lqghhg wkh
fdvh1 Vshflfdoo|/ zh ghulyh wkh plqlpxp qxpehu ri frqvxpswlrq frpprglwlhv dqg
revhuydwlrqv wkdw duh uhtxluhg iru d srvvleoh uhmhfwlrq ri wkh froohfwlyh prgho1 Zh wkhq
frpsduh wkhvh plqlpdo hpslulfdo uhtxluhphqwv wr wkrvh ghulyhg e| Eurzqlqj dqg Fkl0
dssrul +4<<;, zlwklq d sdudphwulf vhwwlqj1
Qh{w/ zh hvwdeolvk rshudwlrqdo qhfhvvdu| dqg vx!flhqw frqglwlrqv iru gdwd frqvlv0
whqf| zlwk froohfwlyh udwlrqdolw|1 Wkhvh frqglwlrqv fdq eh frqfhlyhg dv jhqhudol}dwlrqv
ri wkh cJhqhudol}hg D{lrp ri Uhyhdohg Suhihuhqfh* +JDUS, wkdw dssolhv wr wkh xql0
wdu| prgho +vhh Yduldq/ 4<;5,1 Wklv lv sduwlfxoduo| frqyhqlhqw iurp dq hpslulfdo srlqw
ri ylhz/ dv lw rqo| uhtxluhv revhuyhg sulfhv dqg djjuhjdwh krxvhkrog txdqwlwlhv/ dqg/
khqfh/ lw grhv qrw qhhg uhfryhulqj xqrevhuyhg lqglylgxdo frqvxpswlrq lqirupdwlrq> wkh
odwwhu lv wkh fdvh lq wkh qrqsdudphwulf frqglwlrqv hvwdeolvkhg e| Fkldssrul +4<;;, dqg
whvwhg e| Fkhufk|h dqg Yhuphxohq +5336,1
Vhfwlrq 5 fkdudfwhul}hv wkh jhqhudo froohfwlyh prgho iru wzr0shuvrq krxvhkrogv1 Vhf0
wlrq 6 dgguhvvhv wkh hpslulfdo frqglwlrqv xqghu zklfk wkh jhqhudo froohfwlyh prgho lv
idovldeoh1 Vhfwlrq 7 lqvwlwxwhv wkh crevhuydeoh* qhfhvvdu| dqg vx!flhqw frqglwlrqv iru
froohfwlyh udwlrqdolw|1 Vhfwlrq 8 jhqhudol}hv rxu pdlq uhvxowv iru pdq|0shuvrq krxvh0
krogv1 Vhfwlrq 9 srlqwv rxw vrph lqwhuhvwlqj vshfldo fdvhv ri wkh jhqhudo prgho1 Vhfwlrq
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: frqwdlqv d vxppdu| dqg vrph frqfoxglqj uhpdunv1 Wkh Dsshqgl{ frqwdlqv wkh surriv
ri rxu uhvxowv1
51 D jhqhudo fkdudfwhul}dwlrq ri froohfwlyh udwlrqdolw| iru wzr0shuvrq
krxvhkrogv
Zh uvw frqvlghu d wzr0shuvrq +4 dqg 5, krxvhkrog> h{whqvlrqv wr P0shuvrq krxvh0
krogv duh surylghg lq Vhfwlrq 81 Hdfk krxvhkrog sxufkdvhv wkh +qrq0}hur, q0yhfwru ri
frpprglwlhv t 5 ?   zlwk fruuhvsrqglqj sulfhv s 5 ?  	 1 Wkhvh frpprglwlhv fdq eh
frqvxphg sulydwho|/ sxeolfo| ru erwk1 Iru h{dpsoh/ vriw gulqnv duh w|slfdoo| sulydwho|
frqvxphg> hdfk erwwoh ri frnh frqvxphg e| lqglylgxdo 4 fdqqrw eh frqvxphg e| lqgl0
ylgxdo 51 Frqyhuvho|/ uhqw lv frpprqo| vxemhfw wr sxeolf frqvxpswlrq> frqvxpswlrq e|
rqh krxvhkrog phpehu grhv qrw dhfw wkh rwkhu phpehu*v frqvxpswlrq srvvlelolwlhv/
dqg 0dw ohdvw li rqh zdqwv wr pdlqwdlq wkh krxvhkrog0 qr lqglylgxdo fdq eh h{foxghg
iurp frqvxpswlrq1 Ilqdoo|/ li wkhuh duh WY surjudpphv wkdw erwk krxvhkrog phpehuv
olnh zdwfklqj/ wkhq sduw ri wkh h{shqglwxuhv rq sd| WY duh sxeolf> wkh rwkhu WY h{shq0
glwxuhv uhsuhvhqw sulydwh frqvxpswlrq1 Lq wkh iroorzlqj/ zh dvvxph wkdw wkh hpslulfdo
dqdo|vw fdqqrw ghwhuplqh zklfk frpprglwlhv duh sulydwho| dqg2ru sxeolfo| frqvxphg1
Jhqhudoo|/ wkh iroorzlqj uhodwlrqvkls krogv ehwzhhq revhuyhg djjuhjdwh frqvxpswlrq
+t,/ wkh xqrevhuyhg sulydwh frqvxpswlrq exqgohv ri hdfk krxvhkrog phpehu +t 
 dqg
t  , dqg wkh xqrevhuyhg sxeolf frqvxpswlrq exqgoh +T,=
t @ t 
 . t  .T=
Wkh dvvrfldwhg krxvhkrog h{shqglwxuhv htxdo
s  t @ s  t 
 . t  .T =
Iroorzlqj Eurzqlqj dqg Fkldssrul +4<<;,/ zh dgrsw d Ehfnhuldq iudphzrun lq zklfk
hdfk phpehu kdv khu ru klv rzq suhihuhqfhv ryhu wkh frpprglwlhv frqvxphg lq wkh
krxvhkrog +h1j1/ Ehfnhu/ 4<<4,1 Frqvlvwhqw zlwk rxu qrqsdudphwulf rulhqwdwlrq +zklfk
vxjjhvwv plqlpdo d sulrul vwuxfwxuh,/ zh frqvlghu d yhu| jhqhudo fodvv ri suhihuhqfhv=
zh pdlqwdlq wkdw dq lqglylgxdo*v suhihuhqfhv pd| qrw rqo| ghshqg rq rzq frqvxpswlrq
dqg sxeolf frqvxpswlrq/ exw dovr rq wkh rwkhu lqglylgxdo*v frqvxpswlrq exqgoh> wklv
doorzv iru dowuxlvp dqg2ru h{whuqdolwlhv1 Lq wklv uhvshfw/ zh uhvwulfw wr wkh fdvh zkhuh
doo h{whuqdolwlhv duh srvlwlyh +l1h1/ wkh vr0fdoohg sxuho| cdowuxlvwlf* fdvh,1  Irupdoo|/ wklv
 Dgplwwhgo|/ wklv dvvxpswlrq/ zklfk lv qrw qhhghg lq d sdudphwulf vhwwlqj +vhh Eurzqlqj dqg Fkl0
dssrul/ 4<<;,/ pd| eh uhvwulfwlyh lq vrph lqvwdqfhv +h1j1/ wredffr frqvxpswlrq,1 Krzhyhu/ lwv uhvwulfwlyh
qdwxuh vkrxog qrw eh ryhuhvwlpdwhg/ hvshfldoo| zlwklq wkh vshflf frqwh{w ri d krxvhkrog plfur0hfrqrp|
+zklfk glhuv vxevwdqwldoo| iurp wkdw ri d pdfur0ohyho hfrqrp|,1 Hyhq wkrxjk d qhjdwlyh h{whuqdolw| pd|
eh dvvrfldwhg zlwk h1j1 wredffr frqvxpswlrq/ wkh qrq0vprnhu*v srvlwlyh ydoxdwlrq ri wkh vprnhu*v xwlolw|
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phdqv wkdw wkh suhihuhqfhv ri krxvhkrog phpehu p +p @ 4> 5, fdq eh uhsuhvhqwhg e|
d xwlolw| ixqfwlrq ri wkh irup X  t 
 >t  >T wkdw lv prqrwrqrxvo| lqfuhdvlqj lq lwv
dujxphqwv t 
 / t  dqg T1
Vxssrvh wkdw zh kdyh W krxvhkrog revhuydwlrqv> iru hdfk revhuydwlrq m 5 i4> ===> Wj
zh xvh t dqg s wr ghqrwh wkh revhuyhg txdqwlw| dqg sulfh yhfwru/ uhvshfwlyho|1 +Uhfdoo
wkdw/ lq jhqhudo/ wkh hpslulfdo dqdo|vw fdq rqo| revhuyh wrwdo txdqwlwlhv/ dqg qrw wkh
lqwudkrxvhkrog doorfdwlrq ri wkhvh txdqwlwlhv wr sulydwh dqg sxeolf frqvxpswlrq exq0
gohv1, Ilqdoo|/ zh uhsuhvhqw wkh vhw ri doo revhuydwlrqv e| V @ i+t >s , > m @ 4> ===> Wj1
Xqghu wkhvh frqglwlrqv/ zh fdq jhqhudoo| ghqh froohfwlyh udwlrqdol}dwlrq dv +zlwk 3 
wkh q0yhfwru ri }hurhv,=
Ghqlwlrq 41 D sdlu ri xwlolw| ixqfwlrqv X 
 dqg X  surylghv d froohfwlyh udwlrqdol}dwlrq
+FU05, ri wkh revhuyhg vhw V/ li wkhuh h{lvw W frpelqdwlrqv ri wzr yhfwruv t 
 dqg t  /
erwk 5 ?   / dqg d vfdodu  5 ? 	 vxfk wkdw=
+l, 3   t   t >p @ 4> 5>
+ll, 3   t  t 
  t  >
+lll, X 
 t 
 >t  >t  t 
  t  .  X  t 
 >t  >t  t 
  t   
X 
 } 
 >}  >}  .  X  } 
 > }  >}  
iru doo } 
 >}  >}   5 ?     zlwk s  } 
 . }  . }    s  t =
Lq wklv ghqlwlrq/ X  +p @ 4> 5, uhsuhvhqwv wkh xwlolw| ixqfwlrq ri krxvhkrog phpehu
p1 Ixuwkhu/ wkh  *v +m 5 i4> ===> Wj, uhsuhvhqw wkh cedujdlqlqj srzhu* ri wkh glhuhqw
krxvhkrog phpehuv> vhh Eurzqlqj dqg Fkldssrul +4<<;, iru d ghwdlohg glvfxvvlrq1 Il0
qdoo|/ wkh yhfwruv t 
 / t  dqg t  t 
  t  +m 5 i4> ===> Wj, uh hfw wkh lqwudkrxvhkrog
doorfdwlrq ri wrwdo txdqwlwlhv wr sulydwh +t 
 dqg t  , dqg sxeolf

t  t 




Qrwh ixuwkhu wkdw Ghqlwlrq 4 jhqhudol}hv Fkldssrul*v +4<;;> Ghqlwlrq 8, froohfwlyh
udwlrqdol}dwlrq ghqlwlrq e| lqfoxglqj sxeolf frqvxpswlrq1 Lw surylghv d fkdudfwhul0
}dwlrq ri rswlpdo exqgohv dffruglqj wr wkh zhljkwhg krxvhkrog xwlolw| ixqfwlrq jlyhq
lq sduw +lll, ri wkh ghqlwlrq1 Rswlpdolw| vshflfdoo| uhihuv wr Sduhwr h!flhqf| dw wkh
ohyho ri wkh krxvhkrog/ zklfk dsshduv iurp wkh zhljkwlqj ri wkh xwlolwlhv ri wkh wzr
krxvhkrog phpehuv1 Wklv frqwudvwv zlwk wkh xqlwdu| fdvh/ zkhuh rswlpdolw| lqglfdwhv
pd{lpl}dwlrq ri wkh +vlqjoh0ydoxhg, krxvhkrog xwlolw| ixqfwlrq1
Ehiruh hqwhulqj lqwr pruh irupdo uhvxowv uhjduglqj Ghqlwlrq 4/ zh ghqh d qxpehu
ri uhyhdohg suhihuhqfh frqfhswv wkdw zloo suryh xvhixo lq rxu iroorzlqj glvfxvvlrq1
jhqhudwhg e| vprnlqj pljkw zhoo rxwzhljk wkdw qhjdwlyh h{whuqdolw|1 Lq dgglwlrq/ zlwklq0krxvhkrog
phfkdqlvpv pd| eh lqvwlwxwhg wkdw ghfuhdvh ru hyhq holplqdwh wkh qhjdwlyh h{whuqdolwlhv> vhh/ h1j1/ wkh
zlghvsuhdg sudfwlfh ri vprnlqj rxwvlgh lq krxvhkrogv frqvlvwlqj ri vprnhuv dv zhoo dv qrq0vprnhuv1
8
Ghqlwlrq 51 Li s  t   s  t wkhq t  5 GUS / zkhuh GUS uhsuhvhqwv wkh gluhfwo|
uhyhdohg suhihuuhg vhw dvvrfldwhg zlwk wkh exqgoh t 1 Qh{w/ li t  5 GUS  > t  5 GUS  >
===> t  5 GUS iru vrph vhtxhqfh ri revhuydwlrqv +n> o> ===> }, wkhq t  5 US / zkhuh US
uhsuhvhqwv wkh uhyhdohg suhihuuhg vhw dvvrfldwhg zlwk wkh exqgoh t =
Wklv ghqlwlrq lqglfdwhv wkdw frqvxpswlrq ehkdylrxu cgluhfwo|* uhyhdov wkdw wkh exq0
goh t  lv suhihuuhg ryhu wkh exqgoh t li wkh iruphu exqgoh zdv fkrvhq zkhq wkh odwwhu
exqgoh zdv htxdoo| rewdlqdeoh> l1h1/ s  t   s  t , t  5 GUS 1 Wkh pruh jhqhudo
uhyhdohg suhihuhqfh qrwlrq exlogv xsrq wklv frqfhsw ri gluhfw uhyhdohg suhihuhqfh dqg
dgglwlrqdoo| lqfoxghv wudqvlwlylw| ri wkh suhihuhqfhv1 Iru euhylw|/ zh zloo lqglfdwh vxfk
d wudqvlwlylw| surshuw| dv t  5 GUS , +t  5 US a US   US , lq Vhfwlrq 7/ zkhuh
zh ghdo zlwk lqglylgxdo krxvhkrog phpehuv* suhihuhqfhv1
Wkh qh{w ghqlwlrq vshflhv wkh xqlwdu| frqglwlrq iru udwlrqdo krxvhkrog ehkdylrxu1 
Ghqlwlrq 61 D vhw ri revhuydwlrqv V vdwlvhv wkh Jhqhudol}hg D{lrp ri Uhyhdohg
Suhihuhqfh +JDUS, li iru doo m 5 i4> ===> Wj = s  t  plq! s  t " 1
Wkh lpsolflw lghd lv wkdw revhuydwlrq m 5 i4> ===> Wj lv +wkhruhwlfdoo|, xwlolw| pd{l0
pl}lqj xqghu lwv exgjhw frqvwudlqw li dqg rqo| li lw lv h{shqglwxuh plqlpl}lqj ryhu lwv
cehwwhu wkdq* vhw> lq wkh +hpslulfdo, JDUS frqglwlrq wklv odvw vhw lv dssur{lpdwhg e|
wkh cuhyhdohg suhihuuhg* vhw US = Yduldq +4<;5> s1<7;, ghprqvwudwhg wkdw +sulfh dqg
txdqwlw|, gdwd frqvlvwhqf| zlwk wkh JDUS dw wkh ohyho ri wkh krxvhkrog dv d zkroh
lv qhfhvvdu| dqg vx!flhqw iru revhuyhg krxvhkrog ehkdylrxu wr eh frqvlvwhqw zlwk wkh
xqlwdu| frqvxpswlrq prgho +l1h1/ iru wkh h{lvwhqfh ri d xwlolw| ixqfwlrq wkdw udwlrqdol}hv
wkh frqvxpswlrq revhuydwlrqv,1 Zh zloo uhshdwhgo| uhihu wr wklv uhvxow lq rxu iroorzlqj
glvfxvvlrq1
Xvlqj Ghqlwlrqv 5 dqg 6/ zh fdq hvwdeolvk wkh qrqsdudphwulf frqglwlrqv xqghu
zklfk d FU05 ri d vhw V lv srvvleoh1
Sursrvlwlrq 41 Wkhuh h{lvwv d sdlu ri frqfdyh/ prqrwrqrxvo| lqfuhdvlqj/ frqwlqxrxv
xwlolw| ixqfwlrqv wkdw surylgh d FU05 ri wkh revhuyhg vhw V li dqg rqo| li wkhuh h{lvw
yhfwruv t 
 / t  /  
 /   dqg   +m @ 4> ===> W ,/ doo 5 ?   / zlwk 3   t   t +p @ 4> 5,/
3   t t 
 t  / 3      s +n @ 4> 5>K,/ vxfk wkdw rqh ri wkh iroorzlqj htxlydohqw
# Lq klv qrqsdudphwulf fkdudfwhul}dwlrq ri wkh froohfwlyh oderxu vxsso| prgho/ Fkldssrul +4<;;, frq0
vlghuv +d vwurqj yhuvlrq ri, wkh Vwurqj D{lrp ri Uhyhdohg Suhihuhqfhv +VDUS , udwkhu wkdq wkh JDUS1
Lw lv zruwk srlqwlqj rxw wkdw rxu iroorzlqj uhvxowv iru wkh JDUS fdq eh dgdswhg wr dsso| iru wkh +vwurqj,
VDUS1 Qh{w/ zh qrwh wkdw rxu irupxodwlrq ri JDUS glhuv iurp wkdw ruljlqdoo| xvhg e| Yduldq +4<;5>
s1<7:,> wkh htxlydohqfh ri wkh wzr ghqlwlrqv lv hdv|1 Rxu dowhuqdwlyh irupxodwlrq zloo suryh xvhixo iru
wkh glvfxvvlrq lq Vhfwlrq 71
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frqglwlrqv lv phw=
+l, wkh gdwd t 
 >t  >t  t 
  t  > 
 >  >   rq wkh rqh kdqg dqgt 
 >t  >t  t 
  t  >s   
 >s    >s     rq wkh rwkhu +m @ 4> ===> W ,
erwk vdwlvi| wkh JDUS frqglwlrqv>
+ll, wkhuh h{lvw qxpehuv X  dqg   A 3 +m @ 4> ===> W >p @ 4> 5,
vxfk wkdw iru hdfk l> m 5 i4> ===> Wj =
X 
 X 
   
  
   t 
  t 
 .  
     t   t  
. 
     t   t 
  t   t . t 
 . t   >
X  X     s   
   t 
  t 
 .   s      t   t  
.  s      t   t 
  t   t . t 
 . t   =
Wzr qrwhv duh lq rughu zlwk uhvshfw wr Sursrvlwlrq 41 Iluvw/ iroorzlqj Fkldssrul
+4<;;,/ wkh glhuhqw frpprglwlhv pd| eh lqwhusuhwhg dv csxeolf jrrgv*/ jlyhq wkdw wkh|
doo hqwhu erwk lqglylgxdov* xwlolw| ixqfwlrqv1 Lq d vlplodu yhlq/ wkh shuvrqdol}hg sulfhv  
dqg

s   

+n @ 4> 5>K> m @ 4> ===> W , pd| eh xqghuvwrrg dv cOlqgdko sulfhv*= wkh|
pxvw dgg0xs +ryhu wkh krxvhkrog phpehuv, wr wkh revhuyhg pdunhw sulfhv lq rughu wr
eh frqvlvwhqw zlwk Sduhwr h!flhqf|1 Ixuwkhu/ qr txdolwdwlyh glvwlqfwlrq vkrxog eh pdgh
ehwzhhq sxeolfo| dqg sulydwho| frqvxphg frpprglwlhv +zkhuh sulydwh frqvxpswlrq pd|
eh dvvrfldwhg zlwk h{whuqdolwlhv,1 \hw/ wkhuh lv d fohdu txdqwlwdwlyh glhuhqfh= krxvhkrog
phpehuv pd| dffrug dqrwkhu pdujlqdo ydoxdwlrq wr sulydwh frqvxpswlrq wkdq wr sxeolf
frqvxpswlrq> vhh wkh uhvshfwlyh shuvrqdol}hg +Olqgdko, sulfhv1
Vhfrqg/ lw lv lqwhuhvwlqj wr frpsduh wkh frqglwlrqv lq Sursrvlwlrq 4 wr wkh vwdqgdug
udwlrqdolw| frqglwlrqv lq d xqlwdu| vhwwlqj +vhh Ghqlwlrq 6,1 Mxvw olnh lq wkh odwwhu
vhwwlqj/ wkh qrqsdudphwulf fkdudfwhul}dwlrq uhtxluhv fhuwdlq dvshfwv ri revhuyhg ehkdy0
lrxu wr reh| wkh JDUS frqglwlrqv1 Lpsruwdqwo|/ krzhyhu/ lq wkh froohfwlyh vhwwlqj
wkhvh JDUS frqglwlrqv dsso| wr wkh sulfh0txdqwlw| exqgohv ri wkh lqglylgxdo krxvh0
krog phpehuv +udwkhu wkdq wr wkh sulfh0txdqwlw| frpelqdwlrq ri wkh krxvhkrog dv d
zkroh,1 Frqwudu| wr wkh xqlwdu| fdvh/ wkhvh phpehu0vshflf sulfhv dqg txdqwlwlhv duh
xvxdoo| xqrevhuyhg1 $ Wkhuhiruh/ lw lv rqo| lpsrvhg wkdw wkhuh vkrxog h{lvw dw ohdvw rqh
lqwudkrxvhkrog doorfdwlrq wkdw vdwlvhv wkh deryh frqglwlrqv1% Lq Vhfwlrq 9 +H{dpsoh 8,/ zh glvfxvv wkh vlwxdwlrq zkhuh wkh lqwudkrxvhkrog doorfdwlrq ri vrph
jrrg+v, lv revhuyhg dv d vshfldo fdvh ri wkh jhqhudo prgho suhvhqwhg lq wkh fxuuhqw vhfwlrq1
:
Wkh qh{w uhvxow hqdeohv d ixuwkhu frpsdulvrq zlwk wkh xqlwdu| frqglwlrqv iru udwlrqdo
krxvhkrog ehkdylrxu1 &
Fruroodu| 41 Vxssrvh wkdw wkhuh h{lvw xwlolw| ixqfwlrqv X 
 dqg X  wkdw surylgh d FU05
ri wkh revhuyhg vhw V1 Wkhq iru hdfk frpelqdwlrq ri wzr revhuydwlrqv +t  >s  , 5 V dqg
+t >s , 5 V vxfk wkdw s  t  A s  t dqg s  t A s  t  / zh rewdlq X 
 A X 
 , X  ? X 
dqg X 
 ? X 
 , X  A X  +xvlqj X   X  t 
 >t  >t   t 
  t   +p @ 4> 5>n @ l> m,,1
Zh uhfdoo wkdw dq| wzr revhuydwlrqv l dqg m wkdw duh fkdudfwhul}hg e| s  t  A s  t
dqg s  t A s  t  dozd|v lpso| d ylrodwlrq ri wkh JDUS/ dqg wkxv d uhmhfwlrq ri wkh
xqlwdu| prgho> frpsduh zlwk Ghqlwlrq 61 E| frqwudvw/ lw iroorzv iurp Fruroodu| 4
wkdw vxfk d gdwd vwuxfwxuh vkrxog qrw qhfhvvdulo| hqwdlo d uhmhfwlrq ri froohfwlyh ud0
wlrqdolw| +vhh dovr rxu glvfxvvlrq ri Ohppd 4 lq wkh qh{w vhfwlrq,1 Vwloo/ xqghu wkhvh
gdwd frqglwlrqv rqh uhvwulfwlrq lv uhwdlqhg frqfhuqlqj wkh glvwulexwlrq ri wkh krxvhkrog
phpehu xwlolwlhv= lw lv jhqhudoo| lpsrvvleoh wr frqfhlyh xwlolwlhv vxfk wkdw hdfk phpehu
lq krxvhkrog revhuydwlrq l lv cehwwhu r* wkdq wkh fruuhvsrqglqj phpehu lq krxvhkrog
revhuydwlrq m +l1h1/ X 
 A X 
 dqg X  A X  , +ru ylfh yhuvd,1
61 Idovli|lqj wkh froohfwlyh prgho
Xvlqj d Srsshuldq dujxphqw/ wkh jhqhudo froohfwlyh prgho lq Ghqlwlrq 4 zrxog eh
lqwulqvlfdoo| cydoxhohvv* li dq| srvvleoh vhw ri krxvhkrog revhuydwlrqv phhwv lwv hpslulfdo
frqglwlrqv1 Lqghhg/ wklv zrxog lpso| wkdw wkh wkhru| lv qrw idovldeoh1 Rxu glvfxvvlrq
ri Fruroodu| 4 looxvwudwhv wkh jhqhudoo| ohvv uhvwulfwlyh qdwxuh ri wkh froohfwlyh prgho
dv frpsduhg wr lwv xqlwdu| frxqwhusduw1 D qdwxudo qh{w txhvwlrq lv wkhq zkhwkhu wkh
froohfwlyh prgho lv idovldeoh dw doo1 Wklv irupv wkh vxemhfw ri wklv vhfwlrq1
Rxu uvw uhvxow surylghv plqlpdo hpslulfdo frqglwlrqv iru uhmhfwlqj froohfwlyh udwlr0
qdolw|1
Ohppd 41 Wkhuh dozd|v h{lvw xwlolw| ixqfwlrqv X 
 dqg X  wkdw surylgh d FU05 ri wkh
revhuyhg vhw V li +l, wkh qxpehu ri frpprglwlhv q  5 ru +ll, wkh qxpehu ri krxvhkrog
revhuydwlrqv W  51
Khqfh/ li zh zdqw wr uhmhfw wkh FU05 frqglwlrqv/ zh zloo qhhg dw ohdvw wkuhh frp0
prglwlhv dqg wkuhh revhuydwlrqv1 Lw lv lqwhuhvwlqj wr frpsduh wklv qglqj zlwk wkh gdwd
vwuxfwxuh lq Fruroodu| 4= vxfk d gdwd vwuxfwxuh/ zklfk 0wr uhfdoo0 vx!fhv iru uhmhfwlqj
xqlwdu| udwlrqdolw|/ lv srvvleoh dv vrrq dv wkhuh duh wzr frpprglwlhv dqg wzr revhuyd0
wlrqv> Ohppd 4 lqvwlwxwhv wkdw lw lv qhyhu srvvleoh wr idovli| wkh froohfwlyh prgho xqghu
' Lq zkdw iroorzv xwlolw| ixqfwlrqv duh dvvxphg wr eh zhoo0ehkdyhg lq wkh vhqvh wkdw wkh| duh frqfdyh/
prqrwrqrxvo| lqfuhdvlqj dqg frqwlqxrxv1
;
wkhvh gdwd frqglwlrqv1 Qh{w/ lw lv zruwk wr lqglfdwh wkdw Fkldssrul +4<<3, dqg Vkdihu
dqg Vrqqhqvfkhlq +4<;5, ghulyh vlplodu uhtxluhphqwv uhjduglqj wkh plqlpdo qxpehu ri
frpprglwlhv lq forvho| uhodwhg frqwh{wv/ qdpho| wkh dqdo|vlv ri wkh djjuhjdwh ghpdqg
iru uhvshfwlyho| froohfwlyh jrrgv dqg sulydwh jrrgv1
Wkh iroorzlqj uhvxow vkrzv wkdw wkh qhfhvvdu| hpslulfdo frqglwlrqv ghulyhg iurp
Ohppd 4 duh dovr vx!flhqw1
Sursrvlwlrq 51 Wkhuh gr qrw dozd|v h{lvw xwlolw| ixqfwlrqv X 
 dqg X  wkdw surylgh d
FU05 ri wkh revhuyhg vhw V li dqg rqo| li +l, wkh qxpehu ri frpprglwlhv q  6 dqg +ll,
wkh qxpehu ri revhuydwlrqv W  61
Wkxv/ dv vrrq dv wkhuh duh dw ohdvw wkuhh frpprglwlhv dqg wkuhh revhuydwlrqv/ wkh fro0
ohfwlyh prgho fdq eh idovlhg ru/ lq rwkhu zrugv/ hpslulfdoo| whvwlqj wkh froohfwlyh prgho
ehfrphv phdqlqjixo1 Lqwhuhvwlqjo|/ wkh orzhu erxqg ri wkuhh frpprglwlhv lv dfwxdoo|
ehorz wkh orzhu erxqg ghulyhg e| Eurzqlqj dqg Fkldssrul +4<<;, lq wkhlu sdudphwulf
vhwwlqj= wkhlu Sursrvlwlrq 7 lpsolhv wkdw hpslulfdo idovlfdwlrq ri wkh +sdudphwulf, froohf0
wlyh prgho +zlwk wzr krxvhkrog phpehuv, qhfhvvlwdwhv dw ohdvw yh frpprglwlhv1 Wklv
vxjjhvwv wkdw wkh qrqsdudphwulf dssurdfk suhvhqwhg khuh hhfwlyho| lpsrvhv zhdnhu
gdwd uhtxluhphqwv wkdq lwv sdudphwulf frxqwhusduw1
Dv dq looxvwudwlrq/ zh qh{w surylgh d qxphulfdo sulfh0txdqwlw| gdwd vwuxfwxuh zlwk
wkuhh jrrgv dqg wkuhh revhuydwlrqv wkdw grhv qrw phhw wkh FU05 frqglwlrqv1
H{dpsoh 4 +FU05 idovlfdwlrq,1 Lq wkh surri ri Sursrvlwlrq 5 zh hvwdeolvk wkdw d
FU05 ri wkh vhw V @ i+t 
 >s 
 , > +t  >s  , > +t  >s  ,j lv lpsrvvleoh li wkh iroorzlqj frqglwlrqv
duh vlpxowdqhrxvo| phw=
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Lw lv hdvlo| fkhfnhg wkdw wkhvh lqhtxdolwlhv duh jhqhudwhg e| wkh iroorzlqj +wkuhh0glphq0



































) Lw lv hdv| wr yhuli| wkdw frqglwlrqv +l,0+lll, fdq qhyhu eh phw li wkhuh duh rqo| wzr frpprglwlhv/ zklfk
frpsolhv zlwk wkh uhvxow lq Ohppd 41
<
Wklv h{dpsoh dovr looxvwudwhv wkdw d srvvleoh uhmhfwlrq ri froohfwlyh udwlrqdolw| lv
hvvhqwldoo| frqglwlrqdo xsrq wkh yduldwlrq lq wkh sulfh dqg wkh txdqwlw| gdwd1 Wkh vdph
lv dfwxdoo| wuxh iru wkh xqlwdu| prgho/ exw wr d ohvvhu h{whqw1 * Lq wklv uhvshfw/ wkh
glhuhqfh ehwzhhq wkh froohfwlyh dqg wkh xqlwdu| prgho lv looxvwudwhg e| frpsdulqj wkh
gdwd vwuxfwxuh +l,0+lll, lq H{dpsoh 4 zlwk wkh vwuxfwxuh lq Fruroodu| 4 +zklfk vx!fhv wr
uhmhfw xqlwdu| udwlrqdolw| exw qrw froohfwlyh udwlrqdolw|,1
71 Revhuydeoh froohfwlyh udwlrqdolw| uhvwulfwlrqv
Wkh vx!flhqw frqglwlrq iru FU05 uhmhfwlrq lq H{dpsoh 4 +vhh frqglwlrqv +l,0+lll,, lpph0
gldwho| lqvwlwxwhv d qhfhvvdu| frqglwlrq iru gdwd frqvlvwhqf| zlwk froohfwlyh udwlrqdolw|1
Lqwhuhvwlqjo|/ wklv qhfhvvdu| frqglwlrq lv h{suhvvhg lq whupv ri wkh dydlodeoh sulfh dqg
txdqwlw| gdwd/ zkloh wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv lq Sursrvlwlrq 4 duh lq
whupv ri xqrevhuydeoh shuvrqdol}hg sulfhv dqg txdqwlwlhv1 Wklv vhfwlrq ghulyhv jhqhudo
qhfhvvdu| dqg vx!flhqw frqglwlrqv lq whupv ri revhuydeoh sulfh0txdqwlw| lqirupdwlrq1
Jlyhq wkh ruljlqv ri qrqsdudphwulf ghpdqg dqdo|vlv lq uhyhdohg suhihuhqfh wkhru|/
zh h{solflwo| dqdwrpl}h wkh suhihuhqfh vwuxfwxuh uhyhdohg e| wkh dydlodeoh sulfh0txdqwlw|
gdwd/ wr hqg xs zlwk uhvwulfwlrqv rq wkh revhuyhg sulfhv dqg txdqwlwlhv wkdw dsso| iru
wkh jhqhudo fdvh zlwk W + 6, revhuydwlrqv1 Dw wklv srlqw/ lw lv zruwk wr lqglfdwh wkdw
rxu uhvhdufk txhvwlrq lv irupdoo| vlplodu wr wkdw dgguhvvhg lq wkh olwhudwxuh rq +qrq0
sdudphwulf, revhuydeoh uhvwulfwlrqv ri pdunhw htxloleulxp ehkdylrxu +vhh/ h1j1/ Fduydmdo
hw do1/ 5337/ iru d uhfhqw vxuyh|,1 Wkdw olwhudwxuh frpprqo| xvhv vhpl0dojheudlf wkh0
ru| iru txdqwlhu holplqdwlrq1 Vwloo/ d zhoo0nqrzq olplwdwlrq ri wkhvh whfkqltxhv lv wkdw
wkh| ehfrph frpsxwdwlrqdoo| fxpehuvrph lq fdvh ri odujh gdwd vhwv1 + Jlyhq rxu irfxv
rq jhqhudo W / zh wkhuhiruh gr qrw rsw iru vhpl0dojheudlf wkhru| lq ghulylqj whvwdeoh
uhvwulfwlrqv iru froohfwlyh udwlrqdolw|1
Zh vwduw zlwk ghqlqj phpehu0vshflf uhyhdohg suhihuuhg vhwv lq whupv ri wkh +xq0
revhuydeoh, shuvrqdol}hg sulfhv dqg txdqwlwlhv1
Ghqlwlrq 71 Frqvlghu d vshflfdwlrq ri wkh shuvrqdol}hg sulfhv dqg txdqwlwlhv +t 
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, Eurqduv +4<;:, prvw qrwdeo| looxvwudwhv wklv srlqw= kh lqwurgxfhv srzhu phdvxuhv iru wkh xqlwdu|
qrqsdudphwulf whvwv wkdw hvvhqwldoo| uhodwh wr wkh yduldwlrq lq wkh sulfh dqg txdqwlw| gdwd1- Vq|ghu +5333, surylghv dq h{dpsoh iru Fkldssrul*v +4<;;, oderxu vxsso| prgho zlwk hjrlvwlf djhqwv
dqg revhuyhg ohlvxuh1 Vkh uhvwulfwv wr froohfwlyh udwlrqdolw| whvwv wkdw dsso| wr vhwwlqjv ri rqo| wzr
revhuydwlrqv1
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li   et     et wkhq et  5 GUS 
 > dqg li +es     ,  et   +es     ,  et wkhq et  5 GUS  /
zkhuh GUS  +p @ 4> 5, uhsuhvhqwv wkh p0wk phpehu*v gluhfwo| uhyhdohg suhihuuhg vhw
dvvrfldwhg zlwk wkh +ghfrpsrvhg, exqgoh et 1 Qh{w/ li et  5 GUS  +p @ 4> 5, wkhqet  5 US  dqg US   US  / zkhuh US  uhsuhvhqwv wkh p0wk phpehu*v uhyhdohg
suhihuuhg vhw dvvrfldwhg zlwk wkh +ghfrpsrvhg, exqgoh et =
Iru d jlyhq revhuydwlrq m 5 i4> ===> Wj/ wkh vhwv US  +p @ 4> 5, duh wkh +froohfwlyh,
phpehu0vshflf dqdorjxhv ri wkh +xqlwdu|, uhyhdohg suhihuuhg vhw US lq Ghqlwlrq
51 Fohduo|/ li wkh shuvrqdol}hg sulfhv dqg txdqwlwlhv zhuh revhuyhg/ wkhq whvwlqj wkh
froohfwlyh udwlrqdolw| frqglwlrqv zrxog eh irupdoo| htxlydohqw wr yhuli|lqj wkh xqlwdu|
frqglwlrqv= lq wkh froohfwlyh vhwwlqj/ wkh xqlwdu| JDUS frqglwlrq lq Ghqlwlrq 6 vkrxog
eh ixooohg dw wkh ohyho ri wkh lqglylgxdo krxvhkrog phpehuv> vhh wkh frqglwlrqv +l, lq
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Ri frxuvh/ wkh vshflfdwlrq ri wkh vhwv GUS  dqg US  zloo ydu| zlwk wkh shuvrq0
dol}hg sulfh0txdqwlw| frqvwhoodwlrq1 Lq wklv uhvshfw/ rxu vwduwlqj srlqw lv wkdw wkh wuxh
shuvrqdol}hg sulfhv dqg txdqwlwlhv duh xvxdoo| xqrevhuydeoh1 Wr frqfhlyh rshudwlrqdo
qhfhvvdu| dqg vx!flhqw frqglwlrqv lq vxfk d fdvh/ zh frqvwuxfw lqqhu erxqg dssur{l0
pdwlrqv iru wkh vhwv GUS  +dqg/ frqvhtxhqwo|/ US  ,/ khuhe| h{sorlwlqj wkh olplwhg
dydlodeoh sulfh0txdqwlw| lqirupdwlrq1 Wr gr vr/ zh uvw ghqh wkh jhqhudo frqfhsw ri
revhuydeoh gluhfwo| uhyhdohg suhihuuhg vhwv1 .
Ghqlwlrq 81 Wkh vhwv gGUS   it 
 > ===>t / j > m 5 i4> ===> Wj > uhsuhvhqw d froohfwlrq ri
revhuydeoh gluhfwo| uhyhdohg suhihuuhg vhwv li/ iru doo ihdvleoh vshflfdwlrqv ri wkh shu0
vrqdol}hg txdqwlwlhv dqg sulfhv

t 
 >t  >t  t 
  t  > 
 >  > 

> m 5 i4> ===> Wj > zlwk
fruuhvsrqglqj GUS  +p @ 4> 5, > lw lv srvvleoh wr frqvwuxfw gGUS  > V10 
32  gGUS  @gGUS  = t  5 gGUS  , et  5 GUS  +l 5 i4> ===> Wj,=
Wkxv/ iru dq| srvvleoh vshflfdwlrq ri wkh shuvrqdol}hg sulfhv dqg txdqwlwlhv/ wkh
+revhuydeoh, vhwv gGUS   it 
 > ===>t / j > m 5 i4> ===> Wj vkrxog eh ghfrpsrvdeoh lqwr
phpehu0vshflf vhwv gGUS  +p @ 4> 5, wkdw surylgh lqqhu erxqgv iru wkh wuxh gluhfwo|
uhyhdohg suhihuuhg vhwv GUS  1 Lq rwkhu zrugv/ wkhvh +hpslulfdo, vhwv dssur{lpdwh
wkh +wkhruhwlfdo exw xqrevhuydeoh, phpehu0vshflf gluhfwo| uhyhdohg suhihuuhg vhwv e|
dffrxqwlqj iru doo frqfhlydeoh sulfh0txdqwlw| lqwudkrxvhkrog vfhqdulrv 0 uhfdoo wkdw hdfk
sulfh0txdqwlw| vfhqdulr jhqhudoo| hqwdlov d glhuhqw frqjxudwlrq ri wkh phpehu0vshflf
uhyhdohg suhihuuhg vhwv1
Iurp dq hpslulfdo srlqw ri ylhz/ d fuxfldo txhvwlrq lv zkhwkhu zh fdq surylgh dq
rshudwlrqdo fkdudfwhul}dwlrq ri wkh vhwv gGUS  1 Lqwhuhvwlqjo|/ zh qg wkdw wkh cpd{lpdo*
4 Wkh cihdvleoh* shuvrqdol}hg sulfhv dqg txdqwlwlhv lq Ghqlwlrq 8 duh qrq0qhjdwlyh dqg dgg xs wr
revhuyhg sulfhv dqg txdqwlwlhv +vhh Sursrvlwlrq 4,1 Wkh dgglwlrqdo FU05 uhvwulfwlrqv rq wkhvh sulfhv
dqg txdqwlwlhv +vhh frqglwlrqv +l, dqg +ll, lq Sursrvlwlrq 4, duh frqwdlqhg lq Sursrvlwlrqv 6 dqg 71
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+froohfwlyh, revhuydeoh vhw ri gluhfwo| uhyhdohg suhihuuhg exqgohv lv wkh +xqlwdu|, vhw
GUS +lqwurgxfhg lq Ghqlwlrq 5,1 Wklv lv frqwdlqhg lq wkh iroorzlqj uhvxow1
Ohppd 51 Wkh froohfwlrq ri wkh vhwv GUS > m 5 i4> ===> Wj frqvwlwxwhv d froohfwlrq ri
revhuydeoh gluhfwo| uhyhdohg suhihuuhg vhwv1 Pruhryhu/ zh kdyh gGUS   GUS iru dq|
froohfwlrq ri revhuydeoh gluhfwo| uhyhdohg suhihuuhg vhwv gGUS  > m 5 i4> ===> Wj =
Lq wkh froohfwlyh vhwwlqj/ wkh vhw GUS kdv d vxewo| glhuhqw lqwhusuhwdwlrq wkdq lq
wkh xqlwdu| vhwwlqj1 Wklv glhuhqfh hvvhqwldoo| shuwdlqv wr wkh h{solflw uhfrjqlwlrq ri wkh
krxvhkrog*v wzr0shuvrq qdwxuh lq wkh froohfwlyh dssurdfk1 Vshflfdoo|/ lw iroorzv iurp
rxu deryh glvfxvvlrq wkdw t  5 GUS +l1h1/ s  t   s  t , pd| lpso| et  5 GUS 
 dv zhoo
dv et  5 GUS  1 5 Lqwxlwlyho|/ li t  kdv ehhq fkrvhq zkhq t zdv htxdoo| ihdvleoh/ wkhq
dw ohdvw rqh krxvhkrog phpehu vkrxog suhihu wkh +ghfrpsrvhg, iruphu exqgoh deryh
wkh +ghfrpsrvhg, odwwhu exqgoh> wklv uh hfwv wkh Sduhwr h!flhqw qdwxuh ri krxvhkrog
ehkdylrxu lq wkh froohfwlyh prgho1
Ehfdxvh ri Ohppd 5/ zh fdq xvh GUS dv wkh vwduwlqj srlqw lq rxu hpslulfdo frq0
glwlrqv> wklv pdnhv h{solflw wkh lqwhuuhodwlrqvkls ehwzhhq wkh xqlwdu| uhyhdohg suhihuuhg
vhwv dqg wkh fruuhvsrqglqj +revhuydeoh, froohfwlyh vhwv= Lq wkh xqlwdu| fdvh/ wkh JDUS
frqglwlrq vkrxog eh vdwlvhg +dw wkh djjuhjdwh krxvhkrog ohyho, iru wkh vhwv US wkdw
iroorz iurp GUS > frpsduh zlwk Ghqlwlrq 61 Lq wkh froohfwlyh fdvh/ zh fdq ghulyh
vlplodu frqglwlrqv/ exw qrz dw wkh ohyho ri wkh lqglylgxdo krxvhkrog phpehuv1 Wr gr vr/
zh uvw ghqh phpehu0vshflf revhuydeoh uhyhdohg suhihuuhg vhwv +vwduwlqj iurp wkh vhw
GUS ,=
Ghqlwlrq 91 Wkh vhwv gUS   it 
 > ===>t / j > m 5 i4> ===> Wj dqg p 5 i4> 5j > uhsuhvhqw
d froohfwlrq ri revhuydeoh phpehu0vshflf uhyhdohg suhihuuhg vhwv li
+l, t  5 GUS , t  5 gGUS  +p @ 4 ru 5,>
+ll, t  5 gGUS  , +t  5 gUS  a gUS   gUS  ,>
+lll, +t  5 gGUS  a t 5 gUS  , , t  5 gGUS  +p> o 5 i4> 5j >p 9@ o, > dqg
+ly, +s  t   s  +t76 . t98 , a t36 5 gUS  , , t  5 gGUS 98 +p> o 5 i4> 5j >p 9@ o, =
Sursrvlwlrq 6 zloo vwdwh wkh qhfhvvdu| qdwxuh ri surshuwlhv +l,0+ly, iru dq| froohfwlrq
ri revhuydeoh phpehu0vshflf uhyhdohg suhihuuhg vhwv1 Wkh lqwxlwlrq ri surshuw| +l, kdv
ehhq glvfxvvhg deryh +iroorzlqj Ohppd 5,= zh frqvwuxfw uhyhdohg suhihuuhg vhwv wkdw
: Wklv dgglwlrqdo ciuhhgrp* lq doorfdwlqj wkh ^ ; M GUS  lq wkh froohfwlyh vhwwlqj pdnhv fohdu wkdw
frqvlvwhqf| zlwk wkh xqlwdu| prgho dozd|v lpsolhv frqvlvwhqf| zlwk wkh wzr0shuvrq froohfwlyh prgho/
exw qrw ylfh yhuvd1
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+rqo|, lqfoxgh revhuyhg gluhfwo| uhyhdohg suhihuuhg exqgohv/ l1h1 GUS @V <0 
32  gGUS  1Wklv frqvwuxfwlrq vkrxog dgglwlrqdoo| uhvshfw wkh surshuwlhv +ll,0+ly,1 Surshuw| +ll, uh0
yhdov wkh wudqvlwlylw| lghd wkdw dovr xqghuolhv wkh Ghqlwlrq 5 ri wkh uhyhdohg suhihuuhg
vhwv lq wkh xqlwdu| prgho1 Wkh lqwxlwlrq ri wkh rwkhu wzr surshuwlhv gluhfwo| uhodwhv wr
wkh pxowl0shuvrq qdwxuh ri wkh froohfwlyh krxvhkrog frqvxpswlrq prgho1 Iluvw/ surshuw|
+lll, h{suhvvhv wkdw/ li wkh krxvhkrog phpehu p lv lqglhuhqw ehwzhhq t  dqg t / wkhq
wkh fkrlfh ri t  +zkhq t zdv htxdoo| rewdlqdeoh, fdq eh udwlrqdol}hg rqo| li wkh rwkhu
phpehu o suhihuv t  ryhu t 1 Qh{w/ wkh phdqlqj ri surshuw| +ly, lv wkdw/ li t  fdq eh
ch{fkdqjhg* iru wkh vxp ri t76 dqg t98 zkloh wkh krxvhkrog phpehu p kdv uhyhdohg lwv
suhihuhqfh iru t 6 ryhu t  / wkhq wkh rqo| srvvlelolw| iru udwlrqdol}lqj wkh fkrlfh ri t 
lv wkdw wkh rwkhu phpehu o suhihuv t  wr t 8 = Edvlfdoo|/ frqglwlrqv +l, dqg +ll, uh hfw
wkh hpslulfdo lpsolfdwlrqv ri udwlrqdo krxvhkrog ehkdylrxu iru rqh dqg wkh vdph krxvh0
krog phpehu > wkh| duh irupdoo| vlplodu wr wkh xqlwdu| frqglwlrqv1 Wkh frqglwlrqv +lll,
dqg +ly, +dv zhoo dv wkh iroorzlqj qhfhvvdu| dqg vx!flhqw frqglwlrqv, wkhq shuwdlq wr
udwlrqdolw| dfurvv krxvhkrog phpehuv> wklv glvwlqjxlvkhv wkh froohfwlyh vhwwlqj iurp wkh
xqlwdu| vhwwlqj1
Xvlqj Ghqlwlrq 9/ zh kdyh wkh iroorzlqj qhfhvvdu| frqglwlrq iru froohfwlyh udwlrqdo0
lw|1
Sursrvlwlrq 61 D qhfhvvdu| frqglwlrq iru wkh h{lvwhqfh ri xwlolw| ixqfwlrqv X 
 dqg
X  wkdw surylgh d FU05 ri wkh revhuyhg vhw V lv wkdw wkhuh h{lvwv d froohfwlrq ri
revhuydeoh uhyhdohg suhihuuhg vhwv gUS  +p @ 4> 5, > m 5 i4> ===> Wj vxfk wkdw s  t 
plq = 7>? S 7@ s  t " zkhuh U lv wkh vhw ri vhwv U @ iV <0 
72  it "BA j m t "BA 5 gUS  >p @ 4> 5j=
Iru jlyhq +revhuydeoh, phpehu0vshflf uhyhdohg suhihuuhg vhwv/ wklv frqglwlrq fkhfnv
doo srvvleoh vhwv U frqwdlqlqj d frpelqdwlrq ri frqvxpswlrq exqgohv t "6 5 gUS 
 dqg
t " 8 5 gUS  > wkh vhw U uhsuhvhqwv wkh froohfwlrq ri doo vxfk U 1 Wkh lqwhusuhwdwlrq ri
wkh qhfhvvdu| frqglwlrq lv wkhq frpsohphqwdu| wr wkdw ri surshuw| +ly, lq Ghqlwlrq 9=
li krxvhkrog phpehuv 4 dqg 5 uhyhdo wkdw wkh| suhihu uhvshfwlyho| t "6 dqg t "B8 ryhu t /
wkhq wkh fkrlfh ri t fdq eh udwlrqdol}hg rqo| li lw fdqqrw eh h{fkdqjhg iru wkh vxp ri
t "6 dqg t "B8 +ru/ vwulfwr vhqvx/ xqghu wkh sulfhv s wkh exqgoh t vkrxog qrw eh dvvrfldwhg
zlwk d vwulfwo| kljkhu h{shqglwxuh ohyho wkdq wkh vxp t " 6 . t " 8 ,1 Lq jhqhudo/ d vhw U
zloo frqvlvw ri wzr glhuhqw frqvxpswlrq exqgohv1 Vwloo/ lw pd| uhgxfh wr d vlqjohwrq lq
wkh vshfldo fdvh zkhuh erwk phpehuv kdyh uhyhdohg wkhlu suhihuhqfh iru wkh vdph exqgoh
t " ryhu t +l1h1/ t " 5 gUS  iru p @ 4 dqg 5,> lq wkdw vlwxdwlrq/ wkh frqglwlrq vwdwhv wkdw
t vkrxog qrw eh h{fkdqjhdeoh iru wkdw +vlqjoh, exqgoh t " 1
Wkh frpsohphqwdu| vx!flhqf| frqglwlrq lv dv iroorzv1 DC
FE Lq idfw/ lw lv idluo| hdv| wr yhuli| wkdw wkh qhfhvvdu| frqglwlrq lq Sursrvlwlrq 6 lv dovr vx!flhqw iru
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Sursrvlwlrq 71 D vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri xwlolw| ixqfwlrqv X 
 dqg X 
wkdw surylgh d FU05 ri wkh revhuyhg vhw V lv wkdw wkhuh h{lvw d froohfwlrq ri revhuydeoh
uhyhdohg suhihuuhg vhwv gUS  +p @ 4> 5, > m 5 i4> ===> Wj wkdw hqdeohv wkh frqvwuxfwlrq Q +p @ 4> 5,> ^ 10 
32  Q  @ i4> ===> Wj = Q  @ im 5 i4> ===> Wj m s  t  plq HG A s  t " jzlwk ;l> m 5 Q  = s  t   s  t , t  5 gGUS  =
Wr lqwhusuhw wklv frqglwlrq/ zh lqwurgxfh wkh frqfhsw ri cvlwxdwlrq0ghshqghqw wr0
wdolwduldqlvp* +vhh dovr wkh surri ri wkh uhvxow,= zkhq odehoolqj wkh xqlwdu| prgho dv
cwrwdolwduldq* +l1h1/ rqh dqg wkh vdph krxvhkrog phpehu dozd|v kdv wkh ixoo ghflvlrq
srzhu,/ cvlwxdwlrq0ghshqghqw* wrwdolwduldqlvp lqglfdwhv wkdw wkh lghqwlw| ri wkh krxvh0
krog phpehu zlwk ixoo ghflvlrq srzhu pd| ydu| dffruglqj wr wkh vshflf vlwxdwlrq1 7
Lq wkdw lqwhusuhwdwlrq/ doo revhuydwlrqv lq wkh vhw Q  +p @ 4> 5, kdyh wkh krxvhkrogphpehu p dv wkh wrwdolwduldq ghflvlrq pdnhu> dqg wkh forvlqj vx!flhqf| frqglwlrq wkhq
vwdwhv wkdw hdfk vlwxdwlrq0ghshqghqw +wrwdolwduldq, ghflvlrq pdnhu vkrxog dfw udwlrqdoo|/
l1h1/ frvw plqlpl}lqj ryhu wkh fruuhvsrqglqj uhyhdohg suhihuuhg vhw1 Wkh dgglwlrqdo uh0
vwulfwlrq ;l> m 5 Q  = s  t   s  t , t  5 gGUS  lqglfdwhv wkdw/ li krxvhkrog phpehup lv wkh ghflvlrq pdnhu lq vlwxdwlrqv l dqg m/ wkhq wkh fkrlfh ri t  zkhq t zdv htxdoo|
rewdlqdeoh xqghu wkh sulfhv s  fdq eh udwlrqdol}hg rqo| li t  5 gGUS  1
Wr whvw gdwd frqvlvwhqf| zlwk wkhvh revhuydeoh +qhfhvvlw| dqg vx!flhqf|, uhtxluh0
phqwv/ rqh pd| xvh dq lwhudwlyh surfhgxuh wkdw h{whqgv wkh Zduvkdoo dojrulwkp sur0
srvhg e| Yduldq +4<;5/ s1 <7<, iru whvwlqj wkh xqlwdu| JDUS frqglwlrq1 Vshflfdoo|/
rqh vkrxog yhuli| wkh forvlqj frqglwlrqv lq Sursrvlwlrqv 6 dqg 7 iru hdfk srvvleoh frqj0
xudwlrq ri wkh phpehu0vshflf gluhfwo| uhyhdohg suhihuuhg vhwv +wkdw lv frqvlvwhqw zlwk
wkh surshuwlhv +l,0+ly, lq Ghqlwlrq 9,1
Wkh idfw wkdw wkhvh +revhuydeoh, froohfwlyh udwlrqdolw| uhvwulfwlrqv kdyh d irupdoo|
dqdorjrxv vwuxfwxuh dv wkh +xqlwdu|, JDUS uhvwulfwlrqv vkrxog doorz iru hdv| dgdswd0
wlrqv ri wkh Eurqduv +4<;:, dqg Yduldq +4<<3/ 4<<6, lghdv frqfhuqlqj wkh frqvwuxfwlrq
ri srzhu dqg jrrgqhvv0ri0w phdvxuhv iru qrqsdudphwulf frqvxpswlrq prghov1 Vshfl0
fdoo|/ wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv pd| jhqhudwh xsshu dqg orzhu erxqgv iru
hdfk ri wkhvh phdvxuhv1 +Li wkh xsshu dqg orzhu erxqgv ri wkhvh srzhu dqg jrrgqhvv0
ri0w phdvxuhv duh jhqhudoo| vlwxdwhg forvh wr hdfk rwkhu/ rqh srvvleoh lqwhusuhwdwlrq lv
wkdw wkh hpslulfdo frqwhqw ri wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv lv sudfwlfdoo| wkh
W '  +iru frpsdfwqhvv/ zh devwudfw iurp d irupdo vwdwhphqw,= Wkh iroorzlqj vx!flhqw frqglwlrq dssolhv
iru jhqhudo W 1D Iurp d pruh jhqhudo shuvshfwlyh/ wklv pd| eh lqwhusuhwhg dv hvvhqwldoo| wzr xwlolw| ixqfwlrqv xq0
ghuo|lqj wkh krxvhkrog frqvxpswlrq ehkdylrxu> dqg wkh vshflf h{rjhqrxv hqylurqphqw ghwhuplqhv wkh
lghqwlw| ri wkh suhydohqw xwlolw| ixqfwlrq1 Lw lv zruwk wr vwuhvv dw wklv srlqw wkdw/ iru gdwd wkdw duh
frqvlvwhqw zlwk wkh vx!flhqf| frqglwlrq/ wklv pd| qrw eh wkh rqo| gdwd udwlrqdol}lqj lqwhusuhwdwlrq> wkh
vroh lpsolfdwlrq ri wkh vx!flhqf| uhvxow lv wkdw vlwxdwlrq0ghshqghqw wrwdolwduldqlvp dozd|v frqvwlwxwhv
d srvvleoh lqwhusuhwdwlrq1
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vdph iru wkh vshflf gdwd xqghu vwxg|1,
Fohduo|/ wkh hpslulfdo lpsolfdwlrqv ri wkh qhfhvvdu| frqglwlrq lq Sursrvlwlrq 6 zloo
jhqhudoo| ghyldwh iurp wkrvh ri wkh vx!flhqw frqglwlrq lq Sursrvlwlrq 71 Wklv glhuhqfh
uh hfwv rxu qrq0vshflfdwlrq ri wkh +xqrevhuydeoh, shuvrqdol}hg sulfhv dqg txdqwlwlhv1
Wklv frqwudvwv/ h1j1/ zlwk wkh xqlwdu| fdvh/ zkhuh doo sulfh dqg txdqwlw| lqirupdwlrq
lv revhuydeoh dqg wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru krxvhkrog frqvxpswlrq
udwlrqdolw| gr frlqflgh +vhh Ghqlwlrq 6,1 Lq idfw/ dv zh zloo glvfxvv lq wkh iroorzlqj
vhfwlrq/ wklv xqlwdu| prgho pd| eh frqvlghuhg dv d vshfldo fdvh ri wkh froohfwlyh prgho/
qdpho| zkhq wkhuh lv d vlqjoh krxvhkrog phpehu1 Lq wkdw fdvh/ wkh shuvrqdol}hg sulfhv
htxdo wkh revhuyhg pdunhw sulfhv/ dqg wkh dvvrfldwhg +froohfwlyh, qhfhvvdu| dqg vx!flhqw
frqglwlrqv wxuq rxw wkh vdph1
Hyhq wkrxjk wkh qhfhvvdu| frqglwlrq lq Sursrvlwlrq 6 vkrxog qrw jhqhudoo| frlqflgh
zlwk wkh vx!flhqw frqglwlrq lq Sursrvlwlrq 7/ zh pd| h{shfw wkh iruphu frqglwlrq wr
cfrqyhujh* wrzdugv wkh odwwhu frqglwlrq zkhq wkh vdpsoh vl}h lqfuhdvhv1   Wkh dvvrfl0
dwhg cfrqyhujhqfh udwh* zloo wkhq ri frxuvh ghshqg +srvlwlyho|, xsrq wkh sulfh0txdqwlw|
yduldwlrq lq wkh gdwd dqg/ khqfh/ zh pd| h{shfw lw wr lqfuhdvh zlwk wkh qxpehu ri
frqvxpswlrq frpprglwlhv1  $ Exw/ lq jhqhudo/ zh fdq vdiho| dujxh wkdw wkh hpslulfdo lp0
solfdwlrqv ri wkh idluo| uxglphqwdu| cvlwxdwlrq0ghshqghqw wrwdolwduldq* vroxwlrq +vhh wkh
vx!flhqw frqglwlrq, zloo jhw forvhu wr wkrvh ri dq| pruh uhqhg lqwudkrxvhkrog ghflvlrq
surfhvv +vhh wkh qhfhvvdu| frqglwlrq, zkhq wkh vdpsoh vl}h lqfuhdvhv1
Wr frqfoxgh/ zh vhh dw ohdvw wzr srvvlelolwlhv iru frqfhlylqj pruh vwulqjhqw froohfwlyh
udwlrqdolw| whvwv/ zklfk vkrxog wkhq lqfrusrudwh dgglwlrqdo vshflfdwlrqv ri wkh phpehu0
vshflf sulfhv dqg txdqwlwlhv1 +Irupdoo|/ vxfk vshflfdwlrqv zloo uhvxow lq h{wud uhtxluh0
phqwv uhjduglqj wkh frqvwuxfwlrq ri wkh +revhuydeoh, phpehu0vshflf uhyhdohg suhihuuhg
vhwv/ dqg lq vkdushu +revhuydeoh, forvlqj qhfhvvdu|2vx!flhqw frqglwlrqv1, Iluvw/ li wkh
gdwd duh frqvlvwhqw zlwk wkh qhfhvvdu| frqglwlrqv lq Sursrvlwlrq 6 +exw srvvleo| qrw zlwk
wkh vx!flhqw frqglwlrq lq Sursrvlwlrq 7,/ wkhq d iroorzlqj vwhs pd| dsso| d khxulvwlf
cwuldo dqg huuru* surfhgxuh wr uhfryhu +krxvhkrog0vshflf, lqirupdwlrq uhjduglqj wkh shu0
vrqdol}hg sulfhv dqg txdqwlwlhv1 Wklv vhfrqg vwhs surfhgxuh pd| eh edvhg rq uhdvrqdeoh
d sulrul*v/ zklfk shuwdlq wr +l, wkh glylvlrq ri wkh frqvxpswlrq ryhu krxvhkrog php0
ehuv dqg ryhu sulydwh dqg sxeolf frqvxpswlrq +lqfoxglqj wkh lghqwlfdwlrq ri sulydwh dqg
sxeolf jrrgv, dqg +ll, wkh vshflfdwlrq ri wkh shuvrqdol}hg sulfhv1 +Hylghqwo|/ vhqvlwlylw|
 # Vshflfdoo|/ iru m M t> ===> W zh kdyh wkdw 4? I7J tT K ^   ^  M gUS 6 2 ^  @M gUS 8  ru 4? I7J tT K ^  
^  M gUS 8 2 ^  @M gUS 6  zloo jhqhudoo| jhw forvhu wr }hur iru odujhu W= Khqfh/ wkh hpslulfdo uhtxluhphqw
T K ^  $ 4? L!MBNPOQM S I7J7NPLM T K ^  lq Sursrvlwlrq 6 zloo dssurdfk T K ^  $ 4? I J M NSRLUTWVM T K ^  iru p ' 
ru 2= +Qrwh wkdw wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv dvvrfldwhg zlwk ^  M W A	X 6ZY 8 gUS A frlqflgh e|
frqvwuxfwlrq1, % Jhqhudoo|/ wkh vshhg ri cfrqyhujhqfh* zloo ghshqg xsrq wkh vshflf gdwd jhqhudwlqj surfhvv wkdw
xqghuolhv wkh djjuhjdwh krxvhkrog frqvxpswlrq gdwd +l1h1/ edvlfdoo| wkh sulfhv dqg krxvhkrog phdqv/
zklfk lq wxuq ghwhuplqh wkh revhuyhg txdqwlw| gdwd iru vrph jlyhq lqwudkrxvhkrog doorfdwlrq surfhvv,1
48
dqdo|vlv fdq eh dssursuldwh lq sudfwlfdo dssolfdwlrqv1,
Dowhuqdwlyho|/ rqh pd| dsso| qhvwhg k|srwkhvlv whvwlqj/ edvhg rq dgglwlrqdo wkhruhw0
lfdo dvvxpswlrqv1 Wkdw lv/ rqh frpsohphqwv wkh uvw vwhs yhulfdwlrq ri wkh qhfhvvdu|
dqg vx!flhqw frqglwlrqv lq Sursrvlwlrqv 6 dqg 7 e| whvwlqj vwuhqjwkhqhg udwlrqdolw| frq0
glwlrqv wkdw sxw dgglwlrqdo +jhqhudo, vwuxfwxuh rq wkh krxvhkrog ghflvlrq surfhvv1 Rxu
glvfxvvlrq lq Vhfwlrq 9 vxjjhvwv d qxpehu ri srvvlelolwlhv lq wklv gluhfwlrq1 Ri frxuvh/
rqh pd| frpelqh wkh khxulvwlf dqg wkh qhvwhg k|srwkhvlv dssurdfkhv= li vrph +jhqhudo,
qhvwhg k|srwkhvlv fdqqrw eh uhmhfwhg/ wkhq d khxulvwlf surfhgxuh pd| uhfryhu ixuwkhu
+krxvhkrog0vshflf, lqirupdwlrq zlwklq wkdw vshfldo2qhvwhg vhwwlqj1 Vhh/ h1j1/ Fkhufk|h
dqg Yhuphxohq +5336,/ zkr vxssohphqw vxfk dq dssurdfk zlwk d jrrgqhvv0ri0w dqg
d srzhu dqdo|vlv ri wkh froohfwlyh prgho +zlwklq d oderxu vxsso| vhwwlqj zlwk hjrlvwlf
djhqwv,1
81 Pdq|0shuvrq krxvhkrogv
Wkh deryh glvfxvvlrq uhvwulfwv wr wzr0shuvrq krxvhkrogv1 Lq wklv vhfwlrq/ zh frqvlghu wkh
fdvh zlwk P krxvhkrog phpehuv1 Qrwh wkdw wklv jhqhudo fdvh lqfoxghv wkh wzr0shuvrq
prgho glvfxvvhg deryh +l1h1/ P @ 5, dqg wkh xqlwdu| prgho +l1h1/ P @ 4, dv vshfldo
fdvhv1
D krxvhkrog*v revhuyhg yhfwru ri frpprglwlhv t lv qrz ghfrpsrvhg lqwr P exqgohv
t  +p @ 4> ===>P, wkdw fdswxuh sulydwh frqvxpswlrq dqg d exqgoh T wkdw uhsuhvhqwv
sxeolf frqvxpswlrq1 Wkh glhuhqw frqvxpswlrq yhfwruv duh lqwhuuhodwhg dv iroorzv=
t @ t 
 . t  . ===. t [ .T=
Hdfk krxvhkrog phpehu p +p @ 4> ===>P, lv ixuwkhu fkdudfwhul}hg e| rzq suhihu0
hqfhv wkdw duh uhsuhvhqwhg e| d xwlolw| ixqfwlrq X  t 
 >t  > ===>t [ >T wkdw lv prqrwr0
qrxvo| lqfuhdvlqj lq lwv dujxphqwv1
Dv zdv wkh fdvh iru wzr0shuvrq krxvhkrogv/ zh phuho| dvvxph wkdw wkh hpslul0
fdo dqdo|vw revhuyhv d vhw ri W txdqwlw|0sulfh frpelqdwlrqv/ zklfk zh ghqrwh dv V @
i+t >s , > m @ 4> ===> Wj1 Zh fdq wkhq jhqhudol}h Ghqlwlrq 41
Ghqlwlrq :1 D frpelqdwlrq ri P xwlolw| ixqfwlrqv X 
 > ===> X [ surylghv d froohfwlyh
udwlrqdol}dwlrq +FU0P, ri wkh revhuyhg vhw V/ li wkhuh h{lvw W frpelqdwlrqv ri P yhfwruv
t 
 > ===>t [ / doo 5 ?   / dqg P  4 vfdoduv   > ===>  [ / doo 5 ? 	 > vxfk wkdw=
+l, 3   t   t >p @ 4> ===>P >
+ll, 3   t [ [<0 





 > ===>t [ >t [ [<0 
 t 

.[ [ 0    X 

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 > ===>} [ > }  .[ [ 0    X 
} 
 > ===> } [ >}  
iru doo } 
 > ===> } [ >}   5 ?    [  
 zlwk s  [ [<0 
 }  . }
   s  t =
Dqdorjrxv wr wkh frxsohv* fdvh/ rswlpdo lqwudkrxvhkrog doorfdwlrqv uhvxow iurp wkh
pd{lpl}dwlrq ri d zhljkwhg xwlolw| ixqfwlrq/ zlwk zhljkwv uhsuhvhqwlqj wkh edujdlqlqj
srzhu ri wkh lqglylgxdo krxvhkrog phpehuv1 Rqfh pruh/ rswlpdolw| lv wr eh xqghuvwrrg
lq d Sduhwr vhqvh1
Wkh dvvrfldwhg udwlrqdol}dwlrq frqglwlrqv duh frqwdlqhg lq wkh iroorzlqj uhvxow1
Sursrvlwlrq 81 Wkhuh h{lvwv d frpelqdwlrq ri P frqfdyh/ prqrwrqrxvo| lqfuhdvlqj/
frqwlqxrxv xwlolw| ixqfwlrqv wkdw surylgh d FU0P ri wkh revhuyhg vhw V li dqg rqo| li wkhuh
h{lvw yhfwruv t 





















+m @ 4> ===> W ,/ doo 5 ?   / zlwk 3   t   t +p @ 4> ===>P,/ 3   t  S [10 
 t  /3   S [^\	
<0 
  
2   s +o @ 4> ===>P>K,/ vxfk wkdw rqh ri wkh iroorzlqj htxlydohqw
frqglwlrqv lv phw=
+l, wkh gdwd +t 
 > ===>t [ >t [ [<0 












 > ===>t [ >t [ [10 












 > ===>t [ >t [ [10 
















 , +m @ 4> ===> W , doo vdwlvi| wkh JDUS frqglwlrqv>
+ll, wkhuh h{lvw qxpehuv X  dqg   A 3 +m @ 4> ===> W >p @ 4> ==>P,
vxfk wkdw iru hdfk l> m 5 i4> ===> Wj =
X 
  X 
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Khqfh/ iru d FU0P wr eh srvvleoh/ hdfk krxvhkrog phpehu*v ehkdylrxu kdv wr frqfxu
zlwk wkh JDUS1 Vshflfdoo|/ vxfk JDUS frqvlvwhqf| vkrxog krog iru d vlwxdwlrq zkhuh/
lq hyhu| krxvhkrog/ hdfk lqglylgxdo phpehu lv frqiurqwhg zlwk dq rzq yhfwru ri shuvrq0
dol}hg +Olqgdko, sulfhv wkdw dgg xs +ryhu wkh glhuhqw phpehuv, wr wkh revhuyhg pdunhw
sulfhv1 Djdlq/ wkh lqwudkrxvhkrog glvwulexwlrq ri wkh frqvxpswlrq txdqwlwlhv dqg wkh
shuvrqdol}hg sulfhv duh dvvxphg wr eh xqrevhuyhg/ lpso|lqj wkdw wkhuh vkrxog h{lvw dw
ohdvw rqh frpelqdwlrq ri lqglylgxdo frqvxpswlrq exqgohv dqg shuvrqdol}hg sulfhv wkdw
phhw wkhvh frqglwlrqv1
Zh qh{w hvwdeolvk wkh jhqhudo frxqwhusduw wr Fruroodu| 41
Fruroodu| 51 Vxssrvh wkdw wkhuh h{lvw xwlolw| ixqfwlrqv X 
 > ===> X [ wkdw surylgh d FU0
P ri wkh revhuyhg vhw V1 Wkhq iru hdfk frpelqdwlrq ri wzr revhuydwlrqv +t  >s  , 5 V
dqg +t >s , 5 V vxfk wkdw s  t  A s  t dqg s  t A s  t  / zh rewdlq=
+l, X  ? X  > o 5 i4> ===>Pj li X  A X  / ;p 5 i4> ===>Pjqioj
dqg
+ll, X  A X  > o 5 i4> ===>Pj li X  ? X  / ;p 5 i4> ===>Pjqioj>
xvlqj X   X  +t 
 > ===> t [ > t  S [ 0 
 t   , +p @ 4> ===>P > n @ l> m,1
Dv glvfxvvhg hduolhu/ wkh sulfh0txdqwlw| vlwxdwlrq lq Fruroodu| 5 dozd|v hqwdlov d
uhmhfwlrq ri wkh JDUS1 Exw djdlq/ vxfk d gdwd vwuxfwxuh qhhg qrw eh lqfrqvlvwhqw zlwk
wkh FU0P frqglwlrqv1 \hw/ vlploduo| dv ehiruh/ rqh lpsolfdwlrq lv wkdw lw ehfrphv
lpsrvvleoh wr frqvwuxfw d glvwulexwlrq ri wkh krxvhkrog phpehuv* xwlolwlhv vxfk wkdw
hyhu| phpehu lq rqh krxvhkrog revhuydwlrq lv dvvrfldwhg zlwk d kljkhu xwlolw| ohyho wkdq
wkh fruuhvsrqglqj phpehu lq wkh rwkhu krxvhkrog revhuydwlrq1
Ohw xv wkhq uhjdug wkh plqlpdo hpslulfdo frqglwlrqv iru srvvleoh idovlfdwlrq ri wkh
FU0P frqglwlrqv1 Wkhvh duh jlyhq lq wkh iroorzlqj uhvxow/ zklfk jhqhudol}hv Sursrvl0
wlrq 51
Sursrvlwlrq 91 Wkhuh gr qrw dozd|v h{lvw xwlolw| ixqfwlrqv X 
 > ===> X [ wkdw surylgh d
FU0P ri wkh revhuyhg vhw V li dqg rqo| li +l, wkh qxpehu ri frpprglwlhv q  P . 4
dqg +ll, wkh qxpehu ri revhuydwlrqv W  P . 41
4;
Lq zrugv/ dv vrrq dv wkhuh duh pruh frpprglwlhv dqg revhuydwlrqv wkdq krxvhkrog
phpehuv/ wkh froohfwlyh prgho fdq eh idovlhg1 Li rqh ri wkh frqglwlrqv +l, dqg +ll, lq
Sursrvlwlrq 9 lv qrw ixooohg/ wkhq rqh fdq dozd|v qg lqglylgxdo xwlolw| ixqfwlrqv wkdw
surylgh d udwlrqdol}dwlrq ri dq| revhuyhg krxvhkrog ehkdylrxu1 Dqdorjrxvo| dv ehiruh/
wkh plqlpdo uhtxluhphqw rq wkh qxpehu ri frpprglwlhv lv ohvv vwulqjhqw wkdq wkh rqh
lqvwlwxwhg e| Eurzqlqj dqg Fkldssrul +4<<;/ Sursrvlwlrq 9, iru wkhlu sdudphwulf prgho
ri P0shuvrq krxvhkrogv1
Wr ixuwkhu looxvwudwh/ zh qh{w surylgh d jhqhudo sulfh0txdqwlw| gdwd vwuxfwxuh wkdw
fdqqrw eh froohfwlyho| udwlrqdol}hg1
H{dpsoh 5 +FU0P idovlfdwlrq,1 Lq wkh surri ri Sursrvlwlrq 9/ zh hvwdeolvk wkdw d
FU0P ri wkh vhw V @ i+t >s , > m @ 4> ===>P . 4j lv lpsrvvleoh li wkh iroorzlqj frqglwlrqv
duh phw=
+l, ;m 5 i4> ===>P . 4j = s  t A s 
3







Zh lqyhvwljdwh wkhvh frqglwlrqv iru s 5 ? [  
	 dqg t 5 ? [  
 +m @ 4> ===>P . 4, wkdw


























zkhuh s dqg t dozd|v dsshdu dv wkh m0wk urz hohphqwv ri uhvshfwlyho| s dqg t 1 Wklv
vshflf gdwd vwuxfwxuh rewdlqv=
s  t @ st .P ;m 5 i4> ===>P . 4j / dqg
s  t  @ s. t .P  4 ;l> m 5 i4> ===>P . 4j > m 9@ l=
Khqfh/ wkh gdwd phhw +l, li dqg rqo| li
+ll, st .P A P +s. t .P  4, =
Uhzulwlqj +ll, dv
s +t P, A P +t .P  5, >
lw lv hdv| wr vhh wkdw iru doo t A P wkhuh h{lvwv s vxfk wkdw +ll, lv phw1
Wr jlyh d qxphulfdo h{dpsoh/ zh uhmhfw froohfwlyh udwlrqdolw| iru P @ 8 li t @ 43
dqg s @ 471 Vlplodu frqvwuxfwlrqv duh frqfhlydeoh iru dowhuqdwlyh P ydoxhv1
4<
Wkh vdph wzr txdolfdwlrqv dsso| dv zlwk uhvshfw wr H{dpsoh 41 Iluvw/ wkh h{dpsoh
pdnhv fohdu wkdw srvvleoh uhmhfwlrq ri froohfwlyh udwlrqdolw| hhfwlyho| ghshqgv xsrq wkh
yduldwlrq lq wkh sulfh dqg wkh txdqwlw| gdwd1 Vhfrqg/ wkh vx!flhqw frqglwlrq iru FU0P
uhmhfwlrq lqvwlwxwhv d qhfhvvdu| frqglwlrq iru gdwd frqvlvwhqf| zlwk froohfwlyh udwlrqdolw|1
Olnh lq Vhfwlrq 7/ zh fdq ghulyh forvho| uhodwhg qhfhvvdu| dqg vx!flhqw frqglwlrqv lq
whupv ri revhuyhg sulfhv dqg txdqwlwlhv/ dv zh glvfxvv qh{w1
Dv d uvw vwhs/ zh fdq hvwdeolvk d vlplodu uhvxow dv Ohppd 5 zklfk/ iru hdfk m 5
i4> ===> Wj > lqvwlwxwhv wkh vhw GUS +lq Ghqlwlrq 5, dv wkh cpd{lpdo* revhuydeoh vhw
ri gluhfwo| uhyhdohg suhihuuhg exqgohv iru dq| krxvhkrog phpehu p 5 i4> ==>Pj1 +Iru
frpsdfwqhvv/ zh devwudfw iurp d irupdo vwdwhphqw/ exw wkh dqdorj| zlwk wkh wzr0shuvrq
fdvh lv hdv|1, Xvlqj wklv/ zh pd| ghqh phpehu0vshflf revhuydeoh uhyhdohg suhihuuhg
vhwv1
Ghqlwlrq ;1 Wkh vhwv gUS   it 
 > ===>t / j > m 5 i4> ===> Wj dqg p 5 i4> ===> Pj > uhs0
uhvhqw d froohfwlrq ri revhuydeoh uhyhdohg suhihuuhg vhwv li
+l, t  5 GUS , t  5 gGUS  +p 5 i4===>Pj,>
+ll, t  5 gGUS  , +t  5 gUS  a gUS   gUS  ,>
+lll, +t  5 gGUS  a t 5 gUS  ,> p 5 P  i4> ===>Pj
, t  5 gGUS  +o 5 i4> ===>Pj qP, > dqg







 5 i4> ===>Pj = tB` 6 5 gUS  ,
, <n  5 i4> ===>Pj = t  5 gGUS  ` 8 +p> o 5 i4> ===>Pj > p 9@ o, =
Wkh lqwhusuhwdwlrq ri wkh glhuhqw surshuwlhv lq wklv ghqlwlrq lv gluhfwo| dqdorjrxv
wr wkdw ri wkh vlplodu surshuwlhv lq Ghqlwlrq 9 iru wkh fdvh P @ 51 Zh fdq qrz vwdwh
wkh iroorzlqj qhfhvvdu| frqglwlrq iru froohfwlyh udwlrqdolw|1
Sursrvlwlrq :1 D qhfhvvdu| frqglwlrq iru wkh h{lvwhqfh ri xwlolw| ixqfwlrqv X 
 > ===> X [
wkdw surylgh d FU0P ri wkh revhuyhg vhw V lv wkdw wkhuh h{lvwv d froohfwlrq ri re0
vhuydeoh uhyhdohg suhihuuhg vhwv gUS  +p @ 4> ===> P, > m 5 i4> ===> Wj vxfk wkdw s  t 
plq = 7>? S 7@ s  t " zkhuhU lv wkh vhw ri vhwv U @ iV10 
32 a a a 2 [ it "bA j m t "BA 5 gUS  >p @ 4> ===>Pj=
Wklv qhfhvvdu| frqglwlrq kdv d gluhfwo| vlplodu lqwhusuhwdwlrq dv lwv wzr0shuvrq dqd0
orjxh= li hdfk krxvhkrog phpehu p 5 i4> ===> Pj uhyhdov lwv suhihuhqfh iru t " A ryhu t >
wkhq lw vkrxog qrw eh srvvleoh wr h{fkdqjh t iru wkh frpelqdwlrq ri wkhvh suhihuuhg
53
exqgohv xqghu wkh sulfhv s 1 Lw lv hdv| wr yhuli| wkdw wklv frqglwlrq uhgxfhv wr wkh xql0
wdu| JDUS frqglwlrq iru P @ 4 +l1h1/ wkhuh lv rqo| rqh krxvhkrog phpehu,> frpsduh
zlwk Ghqlwlrq 61
Zh qh{w ghqh wkh vx!flhqf| frqglwlrq1
Sursrvlwlrq ;1 D vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri xwlolw| ixqfwlrqv X 
 > ===> X [
wkdw surylgh d FU0P ri wkh revhuyhg vhw V lv wkdw wkhuh h{lvw d froohfwlrq ri revhuydeoh
uhyhdohg suhihuuhg vhwv gUS  +p @ 4> ===> P, > m 5 i4> ===> Wj wkdw hqdeohv wkh frqvwuxfwlrq
Q  +p @ 4> ===>P,>
^
10 
32 a a a 2 [ Q  @ i4> ===> Wj = Q  @ im 5 i4> ===> Wj m s  t plq !HG	 A s  t " j zlwk ;l> m 5 Q  = s  t   s  t , t  5 gGUS  =
Olnh lq wkh wzr0shuvrq fdvh/ wklv vx!flhqw frqglwlrq vkrxog eh lqwhusuhwhg lq whupv ri
wkh vlwxdwlrq0ghshqghqw wrwdolwduldq frqvwuxfwlrq wkdw lw hqdeohv> vhh dovr rxu glvfxvvlrq
ri Sursrvlwlrq 71 Mxvw olnh wkh qhfhvvlw| frqglwlrq/ wkh vx!flhqf| frqglwlrq uhgxfhv wr
wkh JDUS frqglwlrq iru P @ 41 Lq wkdw fdvh/ wkh +phpehu0vshflf, shuvrqdol}hg sulfhv
dqg txdqwlwlhv duh wkh revhuyhg +djjuhjdwh krxvhkrog, sulfhv dqg txdqwlwlhv/ dqg wkh
qhfhvvdu| dqg vx!flhqw frqglwlrqv iru udwlrqdo krxvhkrog ehkdylrxu dozd|v frlqflgh1 Lq
wkh pruh jhqhudo fdvh +l1h1/ P A 4,/ zh pd| h{shfw wkh qhfhvvlw| frqglwlrq wr frqyhujh
wrzdugv wkh vx!flhqf| frqglwlrq zkhq wkh vdpsoh vl}h lqfuhdvhv> frpsduh zlwk rxu
glvfxvvlrq lq Vhfwlrq 71
Hpslulfdo lpsohphqwdwlrq ri wkhvh qhfhvvdu| dqg vx!flhqw P 0shuvrq frqglwlrqv lv
vxemhfw wr wkh vdph txdolfdwlrqv dv lq wkh wzr0shuvrq fdvh1 Iluvw/ dq h{whqvlrq ri
Yduldq*v +4<;5,Zduvkdoo dojrulwkppd| whvw wkh frqglwlrqv1 Qh{w/ wkh frqglwlrqv pd| eh
xvhg iru frpsxwlqj xsshu dqg orzhu erxqgv iru qrqsdudphwulf srzhu dqg jrrgqhvv0ri0
w phdvxuhv +vhh uhvshfwlyho| Eurqduv/ 4<;:/ dqg Yduldq/ 4<<3/ 4<<6,1 Ilqdoo|/ lqgxflqj
dgglwlrqdo vwuxfwxuh rq wkh shuvrqdol}hg sulfhv dqg txdqwlwlhv +h1j1/ iroorzlqj d khxulvwlf
dqg2ru d qhvwhg k|srwkhvlv dssurdfk, pd| hqwdlo vwurqjhu qhfhvvlw| frqglwlrqv ru zhdnhu
vx!flhqf| frqglwlrqv1 Zh djdlq uhihu wr rxu glvfxvvlrq lq Vhfwlrq 71
91 Vshfldo fdvhv
Vr idu/ zh kdyh irfxvvhg rq d prvw jhqhudo froohfwlyh krxvhkrog frqvxpswlrq prgho/
zklfk frpsulvhv d pxowlwxgh ri ehkdylrxudo prghov dv vshfldo fdvhv1 Lq wkh fxuuhqw
vhfwlrq/ zh glvfxvv d qxpehu ri lqwhuhvwlqj yduldqwv wkdw lqyroyh dgglwlrqdo vwuxfwxuh
rq hlwkhu wkh krxvhkrog ghflvlrq pdnlqj surfhvv ru wkh gdwd dydlodelolw|1 Dv hdfk ri
wkhvh prghov lqwurgxfhv dgglwlrqdo sulru lqirupdwlrq uhjduglqj wkh dqdo|wlfdo sureohp
dw kdqg/ zh pd| jhqhudoo| h{shfw +l, ohvv vwulqjhqw uhvwulfwlrqv rq wkh qxpehu ri frp0
prglwlhv dqg revhuydwlrqv/ dqg +ll, pruh vwulqjhqw +revhuydeoh, qhfhvvdu| dqg vx!flhqw
frqglwlrqv iru gdwd frqvlvwhqf| zlwk wkh prgho*v lpsolfdwlrqv1 Lw lv rxu eholhi wkdw wkhvh
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frqglwlrqv pd| eh rewdlqhg dorqj vlplodu olqhv dv lq Vhfwlrqv 6 dqg 7 +iru wzr0shuvrq
krxvhkrogv, dqg 8 +iru pdq|0shuvrq krxvhkrogv,1
Wr nhhs wkh h{srvlwlrq vlpsoh/ zh uhvwulfw wkh iroorzlqj glvfxvvlrq wr wkh wzr0shuvrq
krxvhkrog +P @ 5,1 Vwloo/ wkh glvfxvvlrq lv hdvlo| h{whqghg wrzdugv vhwwlqjv zlwkP A 51
H{dpsoh 6 +hjrlvwlf krxvhkrog phpehuv dqg qr sxeolf frqvxpswlrq,1 Lq wkh
fdvh ri hjrlvwlf djhqwv/ wkh xwlolw| ri hdfk krxvhkrog phpehu ghshqgv vroho| rq khu ru
klv rzq sulydwh frqvxpswlrq +h1j1/ Fkldssrul/ 4<;;,1 Wklv lpsolhv wkh dgglwlrqdo uhvwulf0
wlrq wkdw +lq Sursrvlwlrq 4,  
 @ s dqg   @ 3  1 Wkh devhqfh ri sxeolf frqvxpswlrq
ixuwkhu pdnhv wkdw t  @ t  t 
 1  &!2 b(
H{dpsoh 7 +xqlwdu| krxvhkrog ghflvlrq pdnlqj,1 Lq wkh xqlwdu| prgho/ wkh krxvh0
krog lv dvvxphg wr pd{lpl}h d vlqjoh xwlolw| ixqfwlrq vxemhfw wr wkh krxvhkrog exgjhw
frqvwudlqw1 Wkh dvvrfldwhg uhvwulfwlrqv duh rewdlqhg iurp wkrvh lq Sursrvlwlrq 4 e|
dgglqj  
 @   @   @ +4@5,s > wklv pdnhv wkh frqvwudlqwv iru krxvhkrog phpehuv
4 dqg 5 frlqflgh/ khuhe| owhulqj rxw wkh lpsdfw ri wkh glhuhqw frqvxpswlrq yhfwruv
t 
 / t  dqg t  t 
  t  +m @ 4> ===> W ,1 Zkhq wkh shuvrqdol}hg sulfhv ri wkh glhuhqw
krxvhkrog phpehuv duh wkh vdph/ wkh hpslulfdo uhvwulfwlrqv ri wkh + lq fdvx wzr0shuvrq,
froohfwlyh prgho dqg wkh xqlwdu| prgho duh lqglvwlqjxlvkdeoh1
H{dpsoh 8 +lqwudkrxvhkrog doorfdwlrq lv nqrzq iru vrph frpprglwlhv,1 Li wkh
sulydwh2sxeolf frqvxpswlrq ri vrph frpprglwlhv lv revhuyhg/ wkhq zh fdq ghqh wkh
sduwlwlrqhg yhfwru t @

t c  >t d 
  / zlwk t c fdswxulqj wkh frpprglwlhv iru zklfk wkh
lqwudkrxvhkrog doorfdwlrq lv revhuyhg dqg t d frqwdlqlqj wkh rwkhu frpprglwlhv1 Lq wklv
fdvh/ wkh hqgrjhqrxvo| ghwhuplqhg lqwudkrxvhkrog doorfdwlrq yhfwruv lq Sursrvlwlrq 4
t 
 / t  dqg t t 
 t  vkrxog eh ghqhg vroho| zlwk uhvshfw wr t d 1 Wkh froohfwlyh oderxu
vxsso| prgho ri Fkldssrul +4<;;, fdq eh frqvlghuhg dv dq looxvwudwlrq1 Lq wkdw vhwwlqj/
wkh lqwudkrxvhkrog doorfdwlrq ri ohlvxuh lv revhuyhg/ zkloh wkh sulydwh frqvxpswlrq ri d
Klfnvldq djjuhjdwh frqvxpswlrq jrrg uhpdlqv xqrevhuyhg1
Wr frqfoxgh/ lw lv zruwk wr lqglfdwh wkdw rwkhu yduldqwv ri wklv vshfldo fdvh pd| eh
frqfhlyhg1 Iru h{dpsoh/ lw pd| zhoo eh wkdw rqo| sduw ri wkh sulydwh frqvxpswlrq ri
 ' Hylghqwo|/ wkh lqwhuphgldwh fdvh lq zklfk wkhuh lv qr sxeolf frqvxpswlrq dqg suhihuhqfhv duh qrq0
hjrlvwlf lv dovr srvvleoh1 Lq wkdw vlwxdwlrq/ wkh txdqwlw| frqvwudlqw ^ 8 ' ^  3 ^ 6 htxdoo| dssolhv/ exw
wkh shuvrqdol}hg +Olqgdko, sulfhv duh qrw uhvwulfwhg1 +Qrwh wkdw wkh shuvrqdol}hg sulfhv iru sxeolf
frqvxpswlrq ehfrph luuhohydqw ehfdxvh ^ 8 ' ^  3 ^ 6 =, ) Jlyhq wkdw rxu surri ri Ohppd 4 irfxvhv rq wkh vshfldo fdvh ri hjrlvwlf djhqwv dqg qr sxeolf
frqvxpswlrq/ wkh plqlpdo gdwd uhtxluhphqw lq Sursrvlwlrq 5 uhpdlqv ydolg dv orqj dv qr lqirupdwlrq lv
dydlodeoh derxw wkh +sulfh0 dqg txdqwlw|0, lqwudkrxvhkrog doorfdwlrq1 Vhh Fkldssrul +4<;;/ s1 :90::, iru
d qxphulfdo h{dpsoh zkhuh wkh lqwudkrxvkrog doorfdwlrq iru wzr jrrgv +lq fdvx wkh ohlvxuh frqvxpswlrq
ri erwk phpehuv lq d frxsoh, lv revhuyhg1 Dv wkdw h{dpsoh pdnhv fohdu/ zhdnhu gdwd uhtxluhphqwv dsso|
lq vxfk d fdvh= Fkldssrul uhmhfwv froohfwlyh udwlrqdolw| zlwk rqo| wzr krxvhkrog revhuydwlrqv1
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vrph frpprglwlhv lv revhuyhg/ zkloh wkh wrwdo h{shqglwxuhv rq wkdw frpprglw| duh qrw
revhuyhg> vhh/ h1j1/ wkh gdwd vhw ghvfulehg e| Erqnh dqg Eurzqlqj +5336,1 Wkh revhuyhg
h{shqglwxuh sduwv lpso| orzhu erxqgv iru wkh fruuhvsrqglqj frpsrqhqwv ri wkh yhfwruv
t 
 dqg t  lq Sursrvlwlrq 41
Dv d qdo qrwh/ zh vwuhvv wkdw wkh vshfldo fdvhv deryh gr doo exw h{kdxvw wkh jhq0
hudolw| ri wkh suhvhqwhg froohfwlyh prgho1 Ixuwkhupruh/ frpelqdwlrqv ri wkh yduldqwv
duh htxdoo| srvvleoh1 Iru h{dpsoh/ rqh pd| frqvlghu hjrlvwlf krxvhkrog phpehuv +vhh
H{dpsoh 6, zkhuh wkh lqwudkrxvhkrog doorfdwlrq lv revhuyhg iru vrph jrrgv +vhh H{0
dpsoh 8,> Fkldssrul*v +4<;;, froohfwlyh oderxu vhwwlqj zlwk hjrlvwlf djhqwv vhuyhv dv dq
h{dpsoh1
:1 Frqfoxglqj uhpdunv
Zh kdyh suhvhqwhg d qrqsdudphwulf fkdudfwhul}dwlrq ri d jhqhudo froohfwlyh prgho/ zklfk
exlogv xsrq plqlpdo dvvxpswlrqv uhjduglqj wkh suhihuhqfhv ri wkh krxvhkrog phpehuv1
Pruh vshflfdoo|/ lw doorzv iru erwk sxeolf frqvxpswlrq zlwklq wkh krxvhkrog dqg +srv0
lwlyh, frqvxpswlrq h{whuqdolwlhv1 Pruhryhu/ lw rqo| dvvxphv wkdw wkh hpslulfdo dqdo|vw
revhuyhv wkh djjuhjdwh krxvhkrog frqvxpswlrq txdqwlwlhv dqg sulfhv> lw pdnhv qr ixuwkhu
dvvxpswlrqv uhjduglqj wkh revhuydelolw| ri wkh lqglylgxdoo| frqvxphg txdqwlwlhv dqg wkh
shuvrqdol}hg +Olqgdko, sulfhv dvvrfldwhg zlwk hdfk krxvhkrog phpehu1 Dwwudfwlyho|/ wkh
prgho hqfrpsdvvhv d odujh ydulhw| ri dowhuqdwlyh ehkdylrxudo prghov dv vshfldo fdvhv/
lqfoxglqj wkh wudglwlrqdo xqlwdu| prgho dqg wkh froohfwlyh prgho ã od Fkldssrul +4<;;,1
Zh kdyh ghulyhg frqglwlrqv uhjduglqj wkh plqlpdo qxpehu ri revhuydwlrqv dqg frp0
prglwlhv wr hqdeoh hpslulfdo uhmhfwlrq ri wkh wkhruhwlfdo lpsolfdwlrqv ri wkh prgho1
Vshflfdoo|/ zh kdyh vkrzq wkdw wkh prgho fdq eh idovlhg dv vrrq dv wkhuh lv rqh
pruh frpprglw| dqg rqh pruh krxvhkrog revhuydwlrq wkdq wkh qxpehu ri krxvhkrog
phpehuv1 Lqwhuhvwlqjo|/ wkhvh hpslulfdo uhtxluhphqwv duh jhqhudoo| ohvv vwulqjhqw wkdq
wkrvh rewdlqhg e| Eurzqlqj dqg Fkldssrul +4<<;, lq wkhlu frpsdudeoh sdudphwulf vhw0
wlqj1 Ilqdoo|/ lw lv hylghqw wkdw wkh vshfldo fdvhv glvfxvvhg lq Vhfwlrq 9 +zklfk lpsrvh
dgglwlrqdo vwuxfwxuh rq wkh dqdo|wlfdo sureohp dw kdqg, pd| lqyroyh hyhq ohvv vwulqjhqw
hpslulfdo uhtxluhphqwv zlwk uhvshfw wr wkh qxpehu ri frpprglwlhv dqg revhuydwlrqv1
Wxuqlqj wr wkh hpslulfdo whvwlqj ri wkh prgho/ zh kdyh hvwdeolvkhg rshudwlrqdo qhf0
hvvdu| dqg vx!flhqw frqglwlrqv iru froohfwlyh udwlrqdolw| ri wkh gdwd/ zklfk vroho| xvh
revhuydeoh sulfh dqg txdqwlw| lqirupdwlrq1 Wkhvh frqglwlrqv kdyh dq dqdorjrxv vwuxf0
wxuh dv wkh JDUS frqglwlrq wkdw dssolhv wr wkh xqlwdu| prgho1 Wklv pdnhv wkdw wkh
froohfwlyh prgho lv hpslulfdoo| whvwdeoh e| phdqv ri lwhudwlyh dojrulwkpv wkdw duh iru0
pdoo| vlplodu wr wkrvh sursrvhg e| Yduldq +4<;5, iru wkh xqlwdu| prgho1 Ixuwkhupruh/
lw hqdeohv hdv| dgdswdwlrqv ri JDUS0edvhg frqfhswv wkdw zhuh ruljlqdoo| sursrvhg lq d
xqlwdu| frqwh{w +vxfk dv Yduldq*v +4<<3/ 4<<6, jrrgqhvv0ri0w lghd dqg Eurqduv* +4<;:,
56
srzhu qrwlrq,1 Djdlq/ zh pd| jhqhudoo| h{shfw dowhuqdwlyh +vwurqjhu, qhfhvvdu| dqg
+zhdnhu, vx!flhqw gdwd frqglwlrqv wr eh dvvrfldwhg zlwk wkh vshfldo fdvhv lq Vhfwlrq 91
Dsduw iurp wkh phuh whvwlqj ri wkh froohfwlyh prgho/ lw pd| eh lqwhuhvwlqj wr dggl0
wlrqdoo| dgguhvv uhfryhudelolw| lvvxhv zlwklq wkh qrqsdudphwulf wudglwlrq1 Wkh dvvrfldwhg
uhvxowv pd| vxevhtxhqwo| eh xvhixo iru wkh +qrqsdudphwulf, suhglfwlrq ri krxvhkrog eh0
kdylrxu lq qhz vlwxdwlrqv dqg2ru zhoiduh dqdo|vlv1 Vhh Yduldq +4<;5, dqg Eoxqghoo/
Eurzqlqj dqg Fudzirug +5336d/e, iru h{dpsoh dssolfdwlrqv lq d xqlwdu| vhwwlqj1
Jlyhq wkh vshflflw| ri wkh froohfwlyh rulhqwdwlrq/ d uvw w|sh ri uhfryhudelolw| txhv0
wlrqv pd| uhodwh wr wkh lqwudkrxvhkrog doorfdwlrq surfhvv lwvhoi1 Iru h{dpsoh/ rqh pd|
eh lqwhuhvwhg lq wkh qxpehu ri krxvhkrog phpehuv wkdw duh hhfwlyho| lqyroyhg lq wkh
krxvhkrog doorfdwlrq surfhvv1  * Wkdw lv/ krz pdq| krxvhkrog ghflvlrq pdnhuv kdyh wr
eh dffrxqwhg iru lq rughu wr pdnh revhuyhg ehkdylrxu frqvlvwhqw zlwk froohfwlyh udwlr0
qdolw|B +Frpsduh zlwk Gdxsklq dqg Iruwlq +5334,/ zkr dgguhvv d vlplodu txhvwlrq lq
d sdudphwulf vhwwlqj1, Lq wklv uhvshfw/ rqh pd| lqwhusuhw wkh P0shuvrq froohfwlyh whvwv
dv fkhfnlqj wkh k|srwkhvlv wkdw wkhuh duh P krxvhkrog phpehuv +zlwk xwlolw| ixqfwlrqv
wkdw fdqqrw eh djjuhjdwhg lq d vlqjoh zhoo0ehkdyhg xwlolw| ixqfwlrq, wkdw kdyh cghflvlrq
srzhu* zlwklq wkh krxvhkrog doorfdwlrq surfhvv> sulydwh frqvxpswlrq ri wkh krxvhkrog
phpehuv zlwkrxw dq| edujdlqlqj srzhu +h1j1/ |rxqj fkloguhq, lv wkhq wdnhq xs lq wkh
krxvhkrog*v sxeolf frqvxpswlrq1 Khqfh/ rqh srwhqwldoo| iuxlwixo surfhgxuh frpsduhv
whvw uhvxowv iru glhuhqw P ydoxhv +zlwk P  wkh hhfwlyh qxpehu ri krxvhkrog php0
ehuv,> iru h{dpsoh= P @ 4 rewdlqv wkh xqlwdu| udwlrqdol}dwlrq whvwv/ dqg P @ 5 rewdlqv
wkh vhwwlqj glvfxvvhg lq Vhfwlrq 51
Dowhuqdwlyh uhfryhudelolw| txhvwlrqv pd| shuwdlq wr vshflf surshuwlhv ri wkh xwlolw|
ixqfwlrqv ri wkh lqglylgxdo krxvhkrog phpehuv1 Iru h{dpsoh/ rqh pd| whvw zkhwkhu
revhuyhg krxvhkrog ehkdylrxu lv frqvlvwhqw zlwk hjrlvwlf ru dowuxlvwlf suhihuhqfhv1 Rwkhu
whvwv wkdw kdyh ehhq dssolhg lq d +qrqsdudphwulf, xqlwdu| iudphzrun +vhh/ h1j1/ Yduldq/
4<;5/ 4<;6, pd| htxdoo| eh dgdswhg wr wkh froohfwlyh vhwwlqj suhvhqwhg lq wklv vwxg|1
 , Qdwxudoo|/ li zh rqo| kdyh sulfh dqg txdqwlw| lqirupdwlrq dw wkh ohyho ri wkh krxvhkrog dv d zkroh/
wkhq wkh iroorzlqj dssurdfk fdq rqo| uhfryhu wkh qxpehu exw qrw wkh lghqwlw| ri wkh krxvhkrog phpehuv
zlwk edujdlqlqj srzhu1 Qh{w/ d forvho| uhodwhg txhvwlrq shuwdlqv wr wkh lghqwlfdwlrq ri wkh edujdlqlqj
srzhu ri wkh glhuhqw krxvhkrog phpehuv1 Lq wklv uhvshfw/ rqh pd| h{sorlw wkh fruuhvsrqghqfh ehwzhhq
wkh px*v lq Ghqlwlrq 4 +iru wkh wzr0shuvrq fdvh, dqg Ghqlwlrq : +iru wkh pdq|0shuvrq fdvh, dqg wkh
odpegd*v lq frqglwlrqv +ll, ri uhvshfwlyho| Sursrvlwlrq 4 dqg Sursrvlwlrq 7> frpsduh zlwk wkh surri ri
Sursrvlwlrq 41 +H1j1/ Yduldq +4<;5/ s1<9;, suhvhqwv dq dojrulwkp wkdw uhfryhuv wkhvh odpegd*v iru d jlyhq
vshflfdwlrq ri wkh +lq fdvx cgdwd udwlrqdol}lqj* shuvrqdol}hg, sulfhv dqg txdqwlwlhv1, Wklv vkrxog |lhog
edujdlqlqj srzhu hvwlpdwhv wkdw duh frpsdudeoh ryhu krxvhkrog revhuydwlrqv +iru rqh dqg wkh vdph
krxvhkrog phpehu, exw qrw ryhu krxvhkrog phpehuv +zlwklq rqh dqg wkh vdph krxvhkrog,1
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Dsshqgl{
D1 Surri ri Sursrvlwlrq 4
Yduldq +4<;5, suryhv wkh htxlydohqfh ehwzhhq frqglwlrqv +l, dqg +ll, ri wkh sursrvlwlrq1
Zh pd| wkhuhiruh uhvwulfw rxu iroorzlqj surri wr frqglwlrqv +ll,1  +
+l> qhfhvvlw|, Zh uvw suryh wkdw wkh h{lvwhqfh ri frqfdyh/ prqrwrqrxvo| lqfuhdvlqj
dqg frqwlqxrxv xwlolw| ixqfwlrqv X 
 dqg X  lpsolhv frqvlvwhqf| zlwk wkh frqglwlrqv +ll,1
Zh vwduw iurp wkh revhuydwlrq wkdw hdfk exqgoh

t 
 >t  >t 

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Jlyhq frqfdylw|/ erwk lqglylgxdo xwlolw| ixqfwlrqv duh vxeglhuhqwldeoh/ zklfk fduulhv
ryhu wr wkhlu zhljkwhg vxp X 
 .  X  > dq rswlpdo vroxwlrq wr wkh deryh pd{lpl}dwlrq
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zkhuh X  ` lv d vxejudglhqw ri wkh xwlolw| ixqfwlrq X  +p @ 4> 5, ghqhg iru wkh yhfwru t 
+n @ 4> 5>K, dqg hydoxdwhg dw

t 
 >t  >t 

/ zkloh   uhsuhvhqwv wkh Odjudqjh pxowlsolhu
dvvrfldwhg zlwk wkh exgjhw frqvwudlqw1 Ohwwlqj  
 @
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d 6I 8f  / 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  > +D15,
X 
He @  
   dqg X He    s     = +D16,
 - Wklv surri jhqhudol}hv wkh surri surylghg e| Fkldssrul +4<;;,/ zkr irfxvhv rq wkh vshflf fdvh
ri krxvhkrog oderxu vxsso|1 Dqrwkhu glhuhqfh lv wkdw Fkldssrul irfxvhv rq +d vwurqj yhuvlrq ri, wkh
VDUS frqglwlrqv zkloh rxu surri xvhv wkh +ohvv vwulqjhqw, JDUS frqglwlrqv1
 4 Vhh Urfndihoodu +4<:3/ Wkhruhp 5617, iru vxeglhuhqwldelolw| ri frqfdyh ixqfwlrqv1 Vhh dovr Eruzhlq
dqg Ohzlq +5333, iru d glvfxvvlrq ri wkh rswlpdolw| frqglwlrqv ri frqvwudlqhg rswlpl}dwlrq sureohpv
zlwk vxeglhuhqwldeoh remhfwlyh ixqfwlrqv1
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Qh{w/ frqfdylw| ri wkh ixqfwlrqv X 
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 >t    +n @ l> m, rewdlqv wkh frqglwlrqv +ll, ri wkh sursrvlwlrq1
+ll> vx!flhqf|, Zh qh{w suryh wkdw gdwd frqvlvwhqf| zlwk frqglwlrqv +ll, lpsolhv wkh
h{lvwhqfh ri d sdlu ri frqfdyh/ vwulfwo| prqrwrqlf dqg frqwlqxrxv xwlolw| ixqfwlrqv wkdw
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 >t 
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@ X  1 Qh{w/
jlyhq  5 ? 	 / zh kdyh iru doo t 
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 >t   vxfk wkdw s  t 
 . t  . t    s  t 
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 t   t  `=
Zlwkrxw orvlqj jhqhudolw|/ zh frqfhqwudwh rq  @  
 @  / zklfk rewdlqv
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Vlqfh s 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 >t  .  X 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 >t  >t   vxemhfw
wr s  t 
 . t  . t    s  t 1
Zh frqfoxgh wkdw wkh ixqfwlrqv X 
 dqg X  lq +D19, dqg +D1:, surylgh d FU05 ri wkh
gdwd1 Wkhvh ixqfwlrqv duh frqfdyh/ prqrwrqrxvo| lqfuhdvlqj dqg frqwlqxrxv +vhh djdlq
Yduldq/ 4<;5,1
E1 Surri ri Fruroodu| 4
Dv d uvw vwhs/ zh qrwh wkdw frqvlvwhqf| zlwk wkh FU05 frqglwlrqv qhfhvvdulo| lpsolhv4@ 
  X 
  X 
 . 4@   X   X    s  +t   t , dqg4@ 
  X 
  X 
 . 4@   X   X    s  +t  t  , >
wklv iroorzv iurp frpelqlqj wkh frqglwlrqv +ll, ri Sursrvlwlrq 41
Xvlqj wkdw 3 A s  +t   t ,/ 3 A s  +t  t  , dqg    A 3 +n @ l> m> p @ 4> 5,/ zh
rewdlq X 
  X 
    
 @   X   X   dqgX 
  X 
    
 @   X   X   =
Zh wkxv kdyh X 
 A X 
 , X  ? X  dqg X 
 ? X 
 , X  A X  1 Lqwhusuhwlqj wkh
X  +p @ 4> 5> n @ l> m, dv X  t 
 >t  >t   t 
  t   +vhh wkh surri ri Sursrvlwlrq 4,
jlyhv wkh uhvxow1
F1 Surri ri Ohppd 4
+l, Zh uvw vkrz wkdw wkhuh dozd|v h{lvw xwlolw| ixqfwlrqv X 
 dqg X  wkdw surylgh d
FU05 ri wkh revhuyhg vhw V li wkh qxpehu ri frpprglwlhv q  51 Zh frqfhqwudwh rq
q @ 5> li wkh FU05 frqglwlrqv dozd|v krog lq wklv fdvh/ wkhq wkh| fhuwdlqo| dovr krog
iru q @ 41 Zlwkrxw orvlqj jhqhudolw|/ iru hdfk m 5 i4> ===> Wj zh frqfhqwudwh rq  
 @ s
dqg   @ 3  > qh{w/ zh frqvlghu t  @ t  t 
 1 +Wklv dfwxdoo| erlov grzq wr wkh fdvh ri
hjrlvwlf krxvhkrog phpehuv dqg qr sxeolf frqvxpswlrq> vhh rxu glvfxvvlrq ri H{dpsoh
6 lq Vhfwlrq 91, Wklv jlyhv wkh vlpsolhg FU05 uhtxluhphqw +vhh wkh frqglwlrqv +l,
5:
ri Sursrvlwlrq 4,= wkh gdwd

t 
 >t  t 





 >t  t 
 >3  >s

+m @ 4> ===> W ,
vkrxog erwk vdwlvi| wkh JDUS frqglwlrqv1








Qrz frqvlghu wkh doorfdwlrq zkhuh hdfk krxvhkrog m 5 i4> ===> Wj doorfdwhv wkh uvw










Xqghu wkhvh lqwudkrxvhkrog doorfdwlrqv +zklfk 0wr uhfdoo0 fdqqrw eh h{foxghg d sul0
rul,/ wkh JDUS frqglwlrqv vwdwhg deryh duh dozd|v vdwlvhg1 Iru h{dpsoh/ iru wkh uvw
krxvhkrog phpehu gdwd frqvlvwhqf| zlwk wkh JDUS uhtxluhv iru hdfk sdlu ri revhuyd0
wlrqv l> } 5 i4> ===> Wj= li s  t   s  t  > s t   s t  > ===> s j t j  s j t  iru vrph vhtxhqfh ri
revhuydwlrqv +m> n> ===> |,/ wkhq s  t   s  t  > frpsduh zlwk Ghqlwlrq 6= Wklv uhtxluhphqw
lv dxwrpdwlfdoo| vdwlvhg ehfdxvh ri wkh vfdodu qdwxuh ri wkh s dqg t  +m 5 i4> ===> Wj,/
l1h1
s  t   s  t  > s t   s t  > ===> s j t j  sj t  +l> m> n> ===> |> } 5 i4> ===> Wj, /
t   t   t   ===  t j  t  / s  t   s  t  =
D vwudljkwiruzdugo| dqdorjrxv uhdvrqlqj dssolhv wr wkh vhfrqg krxvhkrog phpehu1
Zh pd| wkxv frqfoxgh wkdw lw lv dozd|v srvvleoh wr frqvwuxfw X 
 dqg X  wkdw surylgh d
FU05 ri wkh revhuyhg vhw V iru q @ 5=
+ll, Zh qh{w vkrz wkdw wkhuh dozd|v h{lvw xwlolw| ixqfwlrqv X 
 dqg X  wkdw surylgh
d FU05 ri wkh revhuyhg vhw V li wkh qxpehu ri krxvhkrog revhuydwlrqv W  51 Zh
frqfhqwudwh rq W @ 5> li wkh FU05 frqglwlrqv dozd|v krog lq wklv fdvh/ wkhq wkh|
fhuwdlqo| dovr krog iru W @ 41 Ixuwkhu/ zh djdlq dvvxph hjrlvwlf krxvhkrog phpehuv
dqg qr sxeolf frqvxpswlrq/ zklfk jlyhv wkh vlpsolhg FU05 uhtxluhphqw= wkh gdwd
t 
 >t  t 





 >t  t 
 >3  >s

+m @ 4> 5, vkrxog erwk vdwlvi| wkh JDUS
frqglwlrqv1
Wkhvh JDUS frqglwlrqv zloo dozd|v eh vdwlvhg xqghu wkh lqwudkrxvhkrog doorfdwlrqv
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  +zklfk fdqqrw eh h{foxghg d sulrul,1 Iru
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 @ 3  s   t 
 @ s   t 

 >
zklfk jxdudqwhhv gdwd frqvlvwhqf| zlwk wkh JDUS1
5;
Jlyhq wkdw d gluhfwo| dqdorjrxv dujxphqw krogv iru wkh vhfrqg krxvhkrog phpehu/
zh pd| frqfoxgh wkdw lw lv dozd|v srvvleoh wr frqvwuxfw X 
 dqg X  wkdw surylgh d FU05
ri wkh revhuyhg vhw V iru W @ 5=
G1 Surri ri Sursrvlwlrq 5
+Zh qrwh wkdw wkh uhvxow dovr iroorzv gluhfwo| iurp Sursrvlwlrqv 6 dqg 9 +P0shuvrq
krxvhkrogv,1 Vwloo/ zh eholhyh wkdw lqfoxglqj d vhsdudwh surri lv lqvwuxfwlyh dv dq lqwhu0
phgldwh vwhs lq exloglqj xs wrzdugv wkhvh ixuwkhu uhvxowv1,
+l> qhfhvvlw|, Lw iroorzv iurp Ohppd 4 wkdw zh qhhg dw ohdvw wkuhh frpprglwlhv dqg
wkuhh revhuydwlrqv wr hqdeoh lqfrqvlvwhqf| zlwk wkh FU05 frqglwlrqv1
+ll> vx!flhqf|, Zh vkrz wkdw d FU05 ri wkh vhw V @ i+t 
 >s 
 , > +t  >s  , > +t  >s  ,j lv
lpsrvvleoh li wkh iroorzlqj frqglwlrqv duh vlpxowdqhrxvo| phw=
s  
 t 
 A s  
 +t  . t  , > +G14,
s   t  A s   +t 
 . t  , dqg +G15,
s   t  A s   +t 
 . t  , = +G16,
Dv d uvw vwhs/ zh uhzulwh wkh FU05 frqglwlrqv +ll, ri Sursrvlwlrq 4 dv +iru hdfk
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D +n @ l> m, =
Qrwh wkdw ;l> m 5 i4> 5> 6j = 3    et   s  t  > wkh xsshu erxqg iroorzv iurp wkh idfw
wkdw    s +p @ 4> 5>K, e| frqvwuxfwlrq=
Zlwkrxw orvlqj jhqhudolw|/ zh qh{w frqvlghu wkh duelwudu| rughulqjv X 

  X 
  X 

dqg X   X   X 
 +wkdw duh frqvlvwhqw zlwk wkh qhfhvvdu| FU05 frqglwlrq lq Fruroodu|
4,1 Iurp +G17, wkh lqhtxdolw| X 

  X 
 |lhogv
5<




  X 
      +et 
  et  , >
ru/
   et      et 
 = +G19,
Vlploduo|/ iurp +G18, dqg X   X  zh rewdlq
s   +t   t  ,     +et   et  , = +G1:,
Frpelqlqj +G19, dqg +G1:, jlyhv
s   +t   t  ,     +et 
  et  , > +G1;,
zklfk surylghv d orzhu erxqg iru    +et 
  et  ,1 Xvlqj 3    et   s  t  +vhh ehiruh,/
dq xsshu erxqg lv jlyhq e|
   +et 
  et  ,  s   t 
 = +G1<,
Iurp +G1;, dqg +G1<,/ zh ghulyh wkh qhfhvvdu| frqglwlrq iru d FU05 ri wkh vhw V
s   t   s   +t 
 . t  , >
zklfk frq lfwv zlwk wkh surshuw| +G15, ri wkh sulfh0txdqwlw| vwuxfwxuh xqghu frqvlghu0
dwlrq1
Fohduo|/ dq dqdorjrxv dujxphqw dssolhv wr dq| srvvleoh rughulqj ri X 

 > X 
 > X 
 dqg
X  > X  > X 
 1 Zh wkxv frqfoxgh wkdw lw lv lpsrvvleoh wr frqvwuxfw X 
 dqg X  wkdw surylgh
d FU05 ri d vhw V wkdw vdwlvhv +G14,0+G16,1 Lw lv hdv| wr yhuli| wkdw wkhvh frqglwlrqv
fdq qhyhu eh phw li wkhuh duh rqo| wzr frpprglwlhv1 H{dpsoh 4 +cFU05 idovlfdwlrq*,
ghprqvwudwhv wkdw vxfk d gdwd vwuxfwxuh lv srvvleoh li wkhuh duh 6 frpprglwlhv1 Wklv
vkrzv vx!flhqf| iru +dw ohdvw, 6 revhuydwlrqv dqg +dw ohdvw, 6 frpprglwlhv1
H1 Surri ri Ohppd 5
+l, Dv d suholplqdu| vwhs/ zh qrwh wkdw t  5 gGUS  lv htxlydohqw wr= iru doo   > et 
+n @ l> m, wkdw vdwlvi| wkh uhvwulfwlrqv lq Sursrvlwlrq 4/ zh kdyh
et  5 GUS 
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D +n @ l> m, > +H14,
wklv uhskudvhv Ghqlwlrq 81
+ll, Zh uvw ghulyh wkdw wkh froohfwlrq ri wkh vhwv GUS > m 5 i4> ===> Wj lv d froohfwlrq ri
revhuydeoh gluhfwo| uhyhdohg suhihuuhg vhwv1 Wkh uhvxow iroorzv iurp wkh idfw wkdw s  t  
s  t lv lqfrpsdwleoh zlwk wkh h{lvwhqfh ri vrph   > et  +n @ l> m, vxfk wkdw +  et  ?   et
a +es     ,  et  ? +es     ,  et ,= Lqghhg/ vxpplqj wkhvh odvw lqhtxdolwlhv lpphgldwho|
|lhogv s  t  ? s  t > zkhqfh zh pd| frqfoxgh t  5 GUS , s  t   s  t , ;  > et 
+n @ l> m, = +  et     et b +es     ,  et   +es     ,  et ,=
+lll, Zh qh{w hvwdeolvk wkdw gGUS   GUS iru dq| froohfwlrq ri revhuydeoh gluhfwo|
uhyhdohg suhihuuhg vhwv gGUS  > m 5 i4> ===> Wj = Wkh uhvxow lv rewdlqhg e| qrwlqj wkdw
s  t  ? s  t ,   et  . +es    ,  et  ?   et . +es     ,  et iru doo srvvleoh   > et 
+n @ l> m,1 Lw lv wkhq hdv| wr vhh wkdw s  t  ? s  t , <  > et  +n @ l> m, = +  et  ?   et a
+es     ,  et  ? +es     ,  et ,> h1j1/ rqh pd| xvh  
 @ +4@5,s  dqg t 
 @ t  +n @ l> m,1
Khqfh/ zh kdyh ;  > et  +n @ l> m, = +  et     et b +es     ,  et   +es     ,  et , rqo| li
s  t   s  t / l1h1/ t  5 GUS =
I1 Surri ri Sursrvlwlrq 6
Frqvlghu dq duelwudu| vshflfdwlrq ri wkh shuvrqdol}hg sulfhv dqg txdqwlwlhv   dqg et 
+n 5 i4> ===> Wj, ghqhg dv lq +H14,/ zklfk hqwdlov wkh +phpehu0vshflf, gluhfwo| uhyhdohg
suhihuuhg vhwv GUS  +iru l 5 i4> ===> Wj, =
  et     et  , et  5 GUS 
 dqg +I14,
+es     ,  et   +es     ,  et  , et  5 GUS  > +I15,
zkhuh es  lv djdlq ghqhg dv lq +H14,1 Wklv lq wxuq lpsolhv wkh vhwv US  > vhh Ghqlwlrq 71
Zh suryh wkh qhfhvvlw| frqglwlrq e| hvwdeolvklqj wkdw wkhvh vhwv duh frqvlvwhqw zlwk wkh
+gluhfw dqdorjxhv ri wkh, surshuwlhv +l,0+ly, lq Ghqlwlrq 9 dqg wkh qhfhvvdu| frqglwlrq
lq Sursrvlwlrq 6 zkhq wkh gdwd phhw wkh FU05 frqglwlrqv lq Sursrvlwlrq 41 Wkhvh
surshuwlhv fduu| ryhu wr wkh +clqqhu erxqg*, revhuydeoh vhwv gGUS   dqg gUS   xqghu
FU05 frqvlvwhqf| ri wkh gdwd +frpsduh zlwk Ghqlwlrq 8,1
Surshuw| +l, iroorzv gluhfwo| iurp Ohppd 51 Qh{w/ Surshuw| +ll, hdvlo| iroorzv iurp
wkh wudqvlwlylw| uhodwlrqvklsv lpsolhg e| wkh JDUS uhtxluhphqwv +dw wkh ohyho ri wkh
lqglylgxdo krxvhkrog phpehuv, lq wkh frqglwlrqv +l, ri Sursrvlwlrq 41
64
Dv iru surshuw| +lll,/ zh uvw uhfdoo wkdw surshuw| +l, lpsolhv wkdw t 5 gGUS 
+p 5 i4> 5j, rqo| li t 5 GUS  ru s  t  s  t  1 Xvlqj wklv/ zh vkrxog hvwdeolvk
wkdw +s  t  s  t  a et  5 US 
 , , et 5 GUS  +wkh dujxphqw iru +s  t  s  t  aet  5 US  , , et 5 GUS 
 lv gluhfwo| dqdorjrxv,= Xqghu frqvlvwhqf| zlwk wkh FU05
frqglwlrqv/ et  5 US 
 uhtxluhv   et    et  1 Jlyhq s  t  s  t  / wklv odvw lqhtxdolw|
lpsolhv +es    ,  et  +es    ,  et  ru et 5 GUS  / zklfk jlyhv wkh uhvxow=
Wr ghulyh surshuw| +ly,/ vxssrvh wkdw s  t   s  +t76 . t98 , lq frpelqdwlrq zlwket76 5 US 
 dqg et  @5 GUS 98 = Rq wkh rqh kdqg/ et  @5 GUS b8 phdqv wkdw +es     ,  et  ?
+es     ,  et 8 1 Rq wkh rwkhu kdqg/ et 6 5 US 
 uhtxluhv wkdw   et     et 6 iru wkh gdwd wr
eh frqvlvwhqw zlwk wkh FU05 frqglwlrqv1 Frpelqlqj wkhvh wzr lqhtxdolwlhv zrxog lpso|
s  t  ?   et76 . +es     ,  et  s  +t76 . t98 ,/ zklfk frqwudglfwv s  t   s  +t76 . t98 , =
Wkxv/ zh frqfoxgh wkdw +s  t   s  +t36 . tb8 ,a et76 5 US 
 , , et  5 GUS 98 = D gluhfwo|
dqdorjrxv dujxphqw |lhogv +s  t   s  +t76 . t98 ,a et76 5 US  , , et  5 GUS 
 8 =
Ilqdoo|/ xqghu et " 6 5 US 
 dqg et " 8 5 US  frqvlvwhqf| zlwk wkh FU05 uhtxluhphqwv
lv rewdlqhg rqo| li +  et    et " 6 ,a ++es    ,  et  +es    ,  et " 8 ,1 Wklv odvw uhvxow
lpphgldwho| |lhogv s  t    et " 6 . +es    ,  et " 8  s  +t " 6 . t " 8 , li t " 6 9@ t " 8 dqg/
vlploduo|/ s  t  s  t " li t " 6 @ t " 8 @ t " = Wkh revhuydwlrq wkdw vxfk dq lqhtxdolw|
vkrxog krog iru dq| frpelqdwlrq et "6 5 US 
 dqg et "B8 5 US  wkhq lpphgldwho| hqwdlov
wkh vwdwhg qhfhvvdu| frqglwlrq iru froohfwlyh udwlrqdolw|=
J1 Surri ri Sursrvlwlrq 7
Vxssrvh wkdw wkhuh h{lvwv d froohfwlrq ri revhuydeoh uhyhdohg suhihuuhg vhwv gUS  +p @ 4> 5, >
m 5 i4> ===> Wj wkdw vdwlvhv wkh vx!flhqf| frqglwlrq lq Sursrvlwlrq 71 Jlyhq wklv/ zh
fdq frqvwuxfw d sduwlwlrqlqj eQ 
 > eQ  + eQ 
 ^ eQ  @ i4> ===> Wj > eQ 
 _ eQ  @ >, zlwk dvvrfldwhg
shuvrqdol}hg sulfhv dqg txdqwlwlhv wkdw phhw wkh frqglwlrqv iru d FU05 ri wkh gdwd1
Vshflfdoo|/ zh ghqh m 5 Q 
 , m 5 eQ 
 dqg m 5 eQ  lq wkh rwkhu fdvh +zklfk lpsolhv
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8 iru l 5 i4> ==> Wj = +J16,
65
+Dv iru wkh lqwxlwlrq/ zkhq odehoolqj wkh xqlwdu| prgho dv cwrwdolwduldq* +l1h1/ d vlqjoh
ghflvlrq pdnhu kdv wrwdo ghflvlrq srzhu lq doo lqvwdqfhv,/ rqh pd| lqwhusuhw wkh frqvwho0
odwlrq +J14,0+J16, dv cvlwxdwlrq0ghshqghqw* wrwdolwduldqlvp= ghshqghqw rq wkh vshflf
vlwxdwlrq dw kdqg hlwkhu wkh uvw ru wkh vhfrqg krxvhkrog phpehu lv lq ixoo ghflvlrq
srzhu1 Vhh dovr rxu glvfxvvlrq lq wkh pdlq wh{w1,
Lw qrz vx!fhv wr suryh wkdw xqghu wkh lqwudkrxvhkrog sulfh0txdqwlw| doorfdwlrqv
+J14,0+J16, wkh JDUS frqglwlrqv +l, lq Sursrvlwlrq 4 duh dozd|v vdwlvhg1  5
Iru wkh vdnh ri euhylw|/ zh uhvwulfw dwwhqwlrq wr wkh uvw krxvhkrog phpehu> exw
d gluhfwo| dqdorjrxv uhdvrqlqj dssolhv wr wkh vhfrqg krxvhkrog phpehu1 Wkh JDUS
uhtxluhphqw vwdwhv wkdw   et     et  > ===>  j etj   j et +iru vrph vhtxhqfh ri krxvhkrog
revhuydwlrqv +n> ===> |,, lpsolhv   et    et  = Dv d suholplqdu| vwhs/ qrwh wkdw xqghu
+J14,0+J16, ; 5 ?   =   et  @ 3 li } 5 eQ  1 Wklv pdnhv wkdw wkh rqo| lqwhuhvwlqj fdvh
lv l> m> n> ===> | 5 eQ 
 = Khqfh/ rewdlqlqj   et     et  > ===>  j etj   j et ,   et    et 
erlov grzq wr yhuli|lqj s  t   s  t  > ===> s j tj  s j t , s  t  s  t  iru dq| srvvleoh
vhtxhqfh ri revhuydwlrqv +l> n> ===> |> m, zlwk l> m> n> ===> | 5 eQ 
 =
Xvlqj wkdw ; n 
 > n  5 eQ 
 = s   6 t  6  s   6 t  8 , t  6 5 gGUS 
 8 +iru n 
 > n  5 eQ 

iroorzv iurp n 
 > n  5 Q 
 ,/ zh kdyh s  t   s  t  > ===> s j t j  s j t , t  5 gGUS 
 >
===> tj 5 gGUS 
 / zklfk lq wxuq lpsolhv t  5 gUS 
 > vhh wkh wudqvlwlylw| surshuw| +ll, lq
Ghqlwlrq 91 Wkh vx!flhqf| frqglwlrq frqvhtxhqwo| jxdudqwhhv s  t  s  t  / l1h1 wkh
JDUS uhtxluhphqw iru wkh uvw krxvhkrog phpehu lv phw1
K1 Surri ri Sursrvlwlrq 8
Wkh frqvwuxfwlrq ri wkh surri lv gluhfwo| dqdorjrxv wr wkdw ri Sursrvlwlrq 41
L1 Surri ri Fruroodu| 5
Wkh frqvwuxfwlrq ri wkh surri lv gluhfwo| dqdorjrxv wr wkdw ri Fruroodu| 41
M1 Surri ri Sursrvlwlrq 9
+l> qhfhvvlw|, Wkh uhvxow wkdw zh qhhg dw ohdvw P . 4 frpprglwlhv dqg P . 4 jrrgv
iru lqfrqvlvwhqf| zlwk wkh FU0P frqglwlrqv fdq eh suryhq lq dqdorjrxv pdqqhu dv
Ohppd 41 Zh rqo| vnhwfk wkh edvlf lqwxlwlrq iru wkh uhvxow wkdw wkhuh lv dozd|v gdwd
frqvlvwhqf| zlwk wkh FU0P frqglwlrqv li q @ P ru W @ P 1 Iluvw/ frqvlvwhqf| zlwk
wkh FU0P frqglwlrqv iru P frpprglwlhv fdq dozd|v eh dfklhyhg iru dq lqwudkrxvhkrog
 : Wkh iroorzlqj surri grhv qrw h{solflwo| xvh wkh surshuwlhv +lll, dqg +ly, lq Ghqlwlrq 91 Wkhvh
surshuwlhv duh lpsolhg e| wkh forvlqj vx!flhqw frqglwlrq lq Sursrvlwlrq 71
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doorfdwlrq zlwk hdfk l0wk +l 5 i4> ===>Pj, krxvhkrog phpehu frqvxplqj h{foxvlyho| wkh
l0wk frpprglw| +dqg qr sxeolf frqvxpswlrq,> wklv |lhogv d vlwxdwlrq wkdw lv irupdoo|
vlplodu wr wkdw glvfxvvhg lq sduw +l, lq wkh surri ri Ohppd 41 Qh{w/ frqvlvwhqf| zlwk
wkh FU0P frqglwlrqv iru P revhuydwlrqv fdq dozd|v eh dfklhyhg iru dq lqwudkrxvhkrog
doorfdwlrq zlwk hdfk l0wk +l 5 i4> ===>Pj, krxvhkrog phpehu frqvxplqj hyhu|wklqj lq
wkh l0wk krxvhkrog revhuydwlrq> wklv |lhogv d vlwxdwlrq wkdw lv irupdoo| vlplodu wr wkdw
glvfxvvhg lq sduw +ll, lq wkh surri ri Ohppd 41
+ll> vx!flhqf|, Zh vkrz wkdw d FU0P ri wkh vhw V @ i+t >s , > m @ 4> ===>P . 4j lv
lpsrvvleoh li wkh iroorzlqj frqglwlrqv duh phw=
;m 5 i4> ===>P . 4j = s  t A s 
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zklfk zloo suryh xvhixo lq rxu iroorzlqj glvfxvvlrq1
Ohw xv wkhq uhzulwh wkh FU0P frqglwlrqv +ll, ri Sursrvlwlrq 8 dv +iru hdfk l> m 5
i4> ==>P . 4j dqg p 5 i4> ===>Pj,
4
 
X   X        +et   et , = +M16,
Qh{w revhuyh wkdw/ li wkhuh duh P .4 revhuydwlrqv/ dqg jlyhq wkdw wkhuh duh rqo| P
krxvhkrog phpehuv/ wkhq iru dq| srvvleoh rughulqj ri hdfk lqglylgxdop*v +p @ 4> ===>P,
cxwlolwlhv* X  +n @ 4> ===>P . 4, wkhuh lv dw ohdvw rqh revhuydwlrq m 5 i4> ===>P . 4j
ri zklfk hdfk p0wk +p @ 4> ===>P, krxvhkrog phpehu lv grplqdwhg clq xwlolw| whupv*
e| vrph rwkhu revhuydwlrq l +p, 5 i4> ===>P . 4j> l1h1 <m 5 i4> ===>P . 4j = ;p 5
i4> ===>Pj = <l+p, 5 i4> ===>P . 4j > l+p, 9@ m = X   X Fl 1m =Ohw xv wkhq frqfhqwudwh rq vxfk dq revhuydwlrq m zkhq frqvwuxfwlqj qhfhvvdu| frq0
glwlrqv iru d FU0P ri wkh vhw V1 Iru doo p @ 4> ===>P  4 lw krogv wkdw +vhh +M16,,
3  4 

X Fl <m  X 

     et Fl <m  et  >
ru/

    et      et Fl <m = +M17,
Vlploduo|/ iru wkh krxvhkrog phpehu P zh kdyh


[   et   [   et Fl [ m >







  et .  [   et +vhh +M15,,/ rewdlqv






    et = +M18,
Frpelqlqj +M17, dqg +M18, |lhogv





    et Fl 1m > +M19,




  et Fl 1m 1Rq wkh rwkhu kdqg/ dq xsshu erxqg fdq eh frqvwuxfwhg rq wkh edvlv ri +M15,/ zklfk













  et Fl 1m @ s  t Fl <m > ;l +p, >p 5 i4> ===>Pj=
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Iurp +M19, dqg +M1:,/ zh ghulyh d qhfhvvdu| frqglwlrq iru d FU0P ri wkh vhw V
s  t  s 
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zklfk frq lfwv zlwk wkh surshuw| +M14, ri wkh sulfh0txdqwlw| vwuxfwxuh xqghu frqvlghud0
wlrq1
Zh frqfoxgh wkdw lw lv lpsrvvleoh wr frqvwuxfw X 
 > ===> X [ wkdw surylgh d FU0P ri
d vhw V wkdw vdwlvhv +M14,1 Wklv vkrzv vx!flhqf| iru +dw ohdvw, P . 4 revhuydwlrqv1
H{dpsoh 5 +cFU0P idovlfdwlrq*, ghprqvwudwhv wkdw wkh frqglwlrqv +M14, duh srvvleoh li
wkhuh duh P . 4 frpprglwlhv1
N1 Surri ri Sursrvlwlrq :
Wkh frqvwuxfwlrq ri wkh surri lv gluhfwo| dqdorjrxv wr wkdw ri Sursrvlwlrq 61
O1 Surri ri Sursrvlwlrq ;
Lw fdq eh vkrzq wkdw/ li ; m 5 i4> ===> Wj = < gUS  +p @ 4> ===>P, wkdw phhw wkh vx!flhqf|
frqglwlrq lq Sursrvlwlrq 7 wkhq wkh frqglwlrqv iru d FU0P ri wkh gdwd duh phw iru
vrph sduwlwlrqlqj eQ  > p @ 4> ===>P +V [10 
 eQ  @ i4> ===> Wj > eQ  _ eQ  @ > iru p> o 5i4> ===>Pj > p 9@ o, wkdw phhwv= +l, iru l 5 eQ  = t  @ t  dqg t  @ 3  iru o 5 i4> ===>Pj >p 9@ o> dqg +ll, iru l 5 i4> ==> Wj > p 5 i4> ===>P  4j =   2  @ s  dqg   2  @ 3  iru
o 5 i4> ===>P>Kj > p 9@ o= Mxvw olnh +J14,0+J16,/ wklv vshflfdwlrq ri wkh shuvrqdol}hg
sulfhv dqg txdqwlwlhv pd| eh uhihuuhg wr dv cvlwxdwlrq0ghshqghqw wrwdolwduldqlvp*1 Wkh
frqvwuxfwlrq ri wkh surri lv gluhfwo| dqdorjrxv wr wkdw ri Sursrvlwlrq 71
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